



























Signatures topics come

12wspaiit

IIId

A quadratioform is a function

q V k st

glau a glut taek Vell

blunts gluten glut glut

is bilinear

EI For aibicek

flag ax't bxytcy
quadratic form on K



9

Equivalence V I
iii

g g if

F of St q's god

eg q xy g x2 y equivalent

take 4kg fay x y

but g not equivalent to q x'y

for KR

Busicproblem Classify quadratic
forms

up to equivalence



Dictionary Assume char k 2

Symmetric
Quadratic forms a bilinear forms

9 blunt qua ga ga

flu blur
b

symmetric bilinear symmetries matrices
Amons K Ien ed

b Bij blei ej

blunt vtBw B

Sample use

Figabittig

blowow
E matrix

g is Just a det13 0

degenerate blu 1 0



Sylvester's law of inertia

Bsymmetric.realcoefficient detBto

i B equivalent to Bum
In
O Im

ii no two of Bum are equivalent

T.MIL positive index invariants
of B

m negative index

rank new

signature sig B
n m

Cy Immondegenerate real quad forms

equivalent as same rank signature



Er two nondegenerate complex quadratic

formsequivalent cos same rank

C o t illicit l il

1
Brinegar to

Protofstedt
Bntm.fm

ProotofI Fix him

Saysubspace PCR
is positive

if Blu v o f ve Pl 03

Suffices to prove

Max din P on

Pc Rhem

obviously aninvariant of B



span er en positive max n

By contradiction suppose max dump u

Let N span enti seven

Dimension count PAN 03

Is Ig

Proofoff It suffices to diagonalize
B

as It e It

Diagonalizing B

Option spectralTheorem

B has orthonormal eigenbasis in nd

art standard inner prod on Rd



Bujedjuj uitBig Aj Sij

E ai ud It BE

Option row column operations

E I t X 1 18
PT
2302 fedR2MERITR2

Option complete the square

q
3

2 2 xy ty

3 at xy 3 If y

3 x 3
2
3ya

EN 3
2
3 y

I



But Option 3 works over any field

of char 2

use to complete square

x'tax m x'tax Et El

tease

Manifolds

M closed oriented
manifold din 4K

3M AMIRI x H Mik H Miklas

nondey Symmetric bilinear form

Sig M siglBm



Thin Two 4 manifolds have same

signature as they cobardant

5

Ray Cobordism generally had to

construct Much harder than

competing signature of a matrix

knots

184
3
44

Bk H Fir HiFiRl R

symmetric Seifert form

Sig K sig BrF oriented

K knot JFK

use to study knots up to concordance



ÉÉ

Symplectic geometry

R's w why Xt II y
skewgym farm

sympl vectorspace

Lag RT
w Lc 1123

dime

who

Surprise has natural charts
real sym
gag matrices

is

p Lag z
defined
as asignature



Maslow index

generalizes Euler class

Lag IR Est

algebra

p real polynomial

Q gives a b how many real

roots does p have in Carb CIR

Euclidean algorithm poop pi p

Po g p Pa Refine

Pi 92Pa P3 B Eli

Pm Gm cpm to



Thin For ace
roots of p
in la by

sigCBlb.gg

i

getting familiar a quadratic forms

esp integral forms



Lecture
Lasttime

quadratic form q
Kd K

is diagonalizable

q
Kd

d Kd L K

q e xd a x t t ad Xd

K IR

q ng y t tx x ne t Xfm

signature n m



Sylvesterstan

BE GLAIR Symmetric

E EEGLACRI It BE É

sig B n

Ex B 9 EGLER
detCB 0 TCB 0

sig B deter
24437

0,443741



Rational quadratic forms

landpsignature
q Ad A quadratic form

Lasttime q can be diagonalized over

gu g a x t t and fait

Q when are two diagonal forms

equivalent

Rink completing square
doesn't give

canonical diagonal form

3
2 2 9 ty no 31 35 392

37T Cayey M 2 2
xty



Q Consider form

lCxty2 where l is prone

when is this form equivalent
over Ch

to they

Rak if g a xit taxi

g bait tbd xd equivalent Ch

then
the forms have same posting sign

n over a n over R

Tai Tbi in Ch ax

B'N B E B It BE

detB det E det B

I deter Edt B mod Q



This doesn't help distinguish

Rey from Ivey

É Éyp x g
2
21 2 24

Similarly x'tyr axtby t bx ay
2 5 Rey

when he 114 can write l atb

so Xy n e Xy

what about 1 3147

3 Ay n Rey
I



Then weak Hasse principle

same diet E 0 632two quadratic
forms on Qd and same p signature

equivalent for every prime p

psignatures Conway

Fix p
3 prime for at 2

write a p u

sat Teeprivetop

say a is a pantisquane if

k odd and u is not a square in

Ipa



given a pit taxi aitz

the It is

Ep partlai 4 ai p antisquare
i

mod 8

Ete 9 6 2 2042 1522

3 signature 3 It 3

4 0 4
718

5 signature 1 5 5

0 0 4
718

p signature
p 7

I H
E 318

TO TO TO



2 signature weird see notes

fi signature E i partCai EZ

Siyuan
a fi U E signature over IR

C
u 0

Exercise Use p signatures to show

for l prime
1 2 or

i

Two quadratic forms over are

equivalent a equivalent over R Chp

for each prince p



discuss more next time

Useful Rf f a x t tad Xd

quadratic form over Ch Fix bed

If F ne Dd St flu b

then for bx t glee Xd

Witt cancellation

Asf U u and flu b flu's

write for bx t glxz xd

for bx t g x2 ed

Then grig



Application alternate proofof Sylvester

IT FU n qiOn
qFktmEit.s

if n filk

EEE

Check Ads spanlul spanlast

choose new basis compatiblewith

this decomposition

ahoy assume u u LI

Set w u u and define



rw vis v 2 Baligw reflection

Then rwluka

so rw maps
tf

squint to spank't
a

Possible problems u u is isotropic

ie flu u o

Then use Uta instead

If flu ul o flute then

I IgIyY
f zu flu nc flatus

vs
flu o



Next integral quad forms Nowone ex

Du x2 Ex 012

Dut Du U Dutch it

WE 0121 Dat is a lattice

when nodd Dnt is not closedunder
t

241 it 4Du
ME 014 9

Inner product on IR restricts to

integral quadraticform D 2

ME 0187 form is even D 22

and Idet 1 unimodular



Dst aka Es lattice

Thequadratic form has matrix

king

This is the intersection form ofany
manifold

topological

with no smooth structure

Es gives densest weighting in
Viazovska 2016

din
8888 88888

Blichfeldt
Squarelattice1935 in pi

hea lattice

densest

Eg kissing number 240 28 kissing 16 28



D z E
Vegf g etiz

modular form weight 4k

Etta ced 014



EgiffunitionsiIsospertaltor

L c IR lattice Assume un EZ Vel

Theta function O z Eg gun

q etiz
Function on 1H Imco o

Ed ICR

z Eq
citizen

2 2 E e
ti 1 n

z

hey

Claim D I F OG



O is modular form of weight

for Te 1117 54122

IIa czed 06 odd er
zettl

Poisson

Egf
n EatSummation

formula

fly Jett fade

ForfextietitI
eternal
computationfly E e

tight

Poisson e't't E getting
w w

z Of 1z



More generally if LCR

lattice onlyexist
if he 018ÉeY1 Eiseatr

then 0 2 1 0 Ca O 1 2106

O modular form for 52212

I
Given LCR

get tons IR L ET
A

Riemannian

Q lengths of geodesics

q
vellum n gr



Two tori are issue if they

have same geodesic lengths

eigenvalues of Laplacian

Q Ane isospectral
manifolds isometric

can you
hear the shapeof a

drum

Thy Milnor I non isometric
is spectral

tniofdin_
About proof Recall from lasttime

Dn xo2 Ex
01213

Dnt Du u Du E it

if he 018 Dnt is even mimodular lattice

DJ EES



Clay KYD opt Pit

is spectral but not isometric

harder moreinteresting

O functions are weight 8
modular forms

There is a unique such form up to

scaling I Opt Dt T ODI D



Rational Quadratic forms I

Ly y

hkssepi.no

WeakHassepnncif Two quadratic
forms la

are equivalent a equivalent over Chp

for each prime p

including pot
Ch ER

a some p signature
for

each p

Today explain how to deduce from

StongHassePrincid
Hasse Minkowski

A rational quadratic form f represents 0

lie Fxe dyo7s.t flat 0

f represents 0 over Chp for each p



Same for f represents be Ch

Rink Hasse principles

This is about solving quadratic equations

I XtQd St f x a x t taxi b

An equation satisfies Hasse principle if

Rink

it f represents d over Chp Fp

then go f x by reps 0 over ChpUp

g reps O over Q

f reps b over A



But Strong Weak Proof by induction

Basecast f at f a'x2

Assume forf over Ap ftp

WI f f over Q

Suffices to show f represents a overch

since then f n ax last time

fnf over Ap f reps a over Ap
Kp

f reps a over th

strong
Huck



Inductienstep basically the same

Suppose f f equiv over Chp fp

Fix beat represented by f
CoverCa

Suffices to show b representedby f too

Lattre if b rep'd by

f n bx t glass i xd

f n bx t g x2 Hd

and Witt cancellation g ng overlap

Up
g ng over th by induction

f r f



Rationalfamsittyperddzmantif

fIn response to
Sam why geometer

care about rational
forms

So ninja

Ae statical at s at

Prop For a 3 Solaria contains

a surfacesubgroup

al
Rink 5013,7 D A HP

finitevolume
1113 813 liz hyperbolic 3 manifold

non compact



Kahn Markovic

M3 closed hyperbolic

T M contains surface subgroup

Bop is much easier be solaria

is arithmetic group



ComestionlAdditions

Claim from last time

If g xo aka bio flat ta

represents O then f represents b

over any field of char
2

Prod By assumption 7 yo ya Eka

St.by flyas ydl

Casey yo

b fy fly ad fly if
f represents b

Casey yo o



Then f represents 0 f isotropic

lemme f isotropic f reps every
nondegenerate be k

Pfoften f Kd k

b associated bilinear form

Fix ne k w flu o

f nondegen I F veld st

blur 0 Rescale v so blunt 1
u u

matrix of b seaman 9

b su tu sutv 2s t o it s E

replace u by Ent v so then



matrix of b
span

Y
in
hyperbolicform

quadratic form of 9 is

q x y 2xy

Trent convergence

Claim converges on H1 im12170 CC

write z

xtiyletiz.nl etilxtiy if e



letting etyn

my
decays veryfast
as neo

as long as y so

If y so there's trouble

Time
fu x x it txt

HI xeR fact 1 to o

hyperboloid model

of hyperbolic space

For XEN

TH E xt faly Pg p



is Riem metric on Hi

hyperbolic metric

Olfnir Ae Glue R flav fly
Ave Anti

u

0t fair idea 2 subgp preserving A

U

Sot fair 0th Slack
U

Sotffair sot n Shula

Prop Sotffnia contains a

surface subgroup I AO
genus 32



Ex Soffnia contains

Soft a it AP Sotfzia

Yatsurface
orbifold

Fact Stffzia I 11214,0 triangle group

I

generatedby

reflections

in sides off

triangleus

angles E14,0

A 1214,0 virtually free

doesn't contain adoredsurface



The Mahler Compactness application
nondegen

q Qd A quadratic form

80 gia 250 qin as above

Solfirysocqing compact

q is
anisotropic ie q u 0

Hve 09503

E fn isotropic tu

So HMSolfnia always noncompact

EI 9 76 4 x anisotropic

795 9,2 9 to 940 7940

clear denominators I do an are Z



Atta Fad

Number theory he so is sum of 2squares

Is prime factorization contains no

Pk where PE314
k odd

Hi solgia compact hyperbole

2 orbifold

finitely coveredby a compact hog surface

Selgia has surface subgp

Proofoffy go 7 exitxi

fat xhxit txt u 3

WI F Solgialosolfnir



Trick fie tx.tn txitn txi

Observe

Socqia solfu iz for n 3

fine fu over Ch since

N Y n 4 37 3 4y

7 x2 y

This implies Solfnia and Solfiia

have common finite index

subgroup commensurable

11371 e 1 3

I solfaica soltiica



Self n'ia contains surface

I5
Integral Quadrate

Forms

classification of unmodular
indefinite

forms

useful for study manifolds

positive definite forms
mass formula

forms on 22

very concrete classification

using the Farey graph



i

E
dual
tree

E
a C'd

vertices primitive vectors
in 2 to e

edges pairs of vectors that that

formbasis for 22

triangles triples each pair a basis



T.IE II.ia

Goat given gig determine if any

in finite time based on their values

Assume g is nondegenerate

Dichotomy

9 definite
Positive 9 20

I negative Loco

g indefinite
isotropic F ve go 0

anisotropic glu to Yuto



Observe q determined by
values

glel glf gleet
whenever e f basisfort

Chet qlxetyfl qlelktfqleefl qlel

qfxytqlflylfgn.mnBam gu guy
det by Ble e Ble F B Ff

but there are infinitely many choices ofe f

Case If gig positive definite

distinguish them by shortestvectors

But how to find these



Eg what's smallest value of

q 6
2 8 2 342

Use Farey graph

in
1

X

i

t I

Edt'd



Generally

any an

Parallelogram law

glutultqlu u 2 guiltglut
equiv

qlultq.lu glued glaleglol glad to

47
exactly one positive denote it 8

glutu glu v 28 of

eachis zero



q x y2
5 5

I

s

T 1 FatihatUb 8
C atb

5 5

atc b at atb 6 2970

btc a belatb a Zhao



Climbinglemme of any form on 22
UNE Z'any basis

If au.FI qatn then

4 glutu so

Prof
glard 2 glutton glu o

qlultqlultfqlnltqlut qh.us 0

IT IF



To
prove 7 f

WI g u glutu glu so

gluttgluti glut gluttfqlastghts glu

smay
Given pas def form F can use

climbing lemma to find smallestvalues

of q
I
b b
EEE a t



This gives algorithm to

determine if g g in definite case

Cos For q 22 2 pos det

501g is a subgroup of 2162 or 2142

Iim
IPositieintegnequadmtictortyamed
Say q q 2

2 have

Sane genus if equivalent over Zp

p adic integers
for each price p

Z r R



Unfortunately genus doesn't determine

the form no Hasse principle our 2

For a genus G define the

mad mtg E g
9EG

Olg orthogonal group ftp.es.dj

Massformly for Imitator forms
of rank 8k

mtg 218 Ban Bi
j l

Bn Bernoulli makers



rank mais forms

8 v10
d 1 M Eg D8

16 n 10
18 2mDgt Dgt.Dit

24 N 1615 24

32
n 107 7107

each summand

in MCG contributes atmost



Indefitefonsanz
after

Conway

Étathany quadratic form on a

get labeling of vertices of Farey graph

labeling of regions of dual

Farey tree t direction on edges

Iaxtsxytby2utogst

III nappers
atses



Observe atb 8 ath at btf arithmetic

progressiongletier
gurgles alerted

see this pattern
around every edge

a Hyun parallelogram law

Uv basis for22

Climbing leave

yet Man910720

similarly

i 7



situation not covered by chinking lemma

ghdjffql.io
1495Alun he

river edges edgeswhere IETgo
Rivers keep flowing

until they reach ashes region where

9 0

F
anisotropic river is

so f pi infinite

g isotropic F a lake

maybe more



E q 7
2
y anisotropic

Ys s s s ftto
gley I 2 Xp I

q sensed

Labels along the river are parodic

river is periodic

This reflects the fact that

801g 2,3g has infinite order

EIq 3k ttxy

6y.it

iht

gun



The rivers lakes

q 22 2 indefinite

1 g anisotropic

F unique river

it's bi infinite its labels

are periodic

2 q isotropic

F exactly two lakes

either adjacent or connected

by a river



Rink Two adjacent lakes is a weir

eg flag xy

I gilo 0

EFI

EEE

Application isomorphism prob for

indefinite forms on 24

Given gig use climbing to find

river weir Either periodic or finite

Compute values along river to determen



along

Anisotropic River periodic

Fix basis e f EZ go

qlxetyftqcelxitfqtgglF.az
g f yr

Bilinear form B

has matrix B 129 Ears

Key det B 1496196 84

is invariant of q HeGlacehas deteZEE

it q e 70,94120

then 4961ACF 81 4 9619111 82



I finitely many integer
solutions

to 4 xp 8 diet

periodic

Prof isotopic two lakes

it 771 late
28 a

must be

a river
a 8 a

n

awwww

or a weir

bi infinite t

I 2 lakes I



É Topography Topology

E q 22 a

q anisotropic I 801g virtually a

g isotropic a blog finite

see examples

Recall Manker Compactness

For q 2d
a

Selfie golgi
compact

g anisotropic



In special case above d 2

B symmetric integer matrix

det B Il luminodular

Eg Dnt when 4 018

Ipos definite

F 7107 inequivalent pod definite

B in din 32 mass formula



The Serre B as above and indefinite

B odd F u st vtBu odd

Begun to I L
I 1 18 off

Bene utBu 22 tu

Begun to Ept Atom

HI



Odd case is exercise modulo

The Meyer q 2d 2

indefinite unimodular isotropic

not true w o unimodular

Eg Xy 722 anisotropic

see notes



Intersectionforms of 4 manifolds

Source Soorpan's Wild World of 4manifolds

MY closed oriented 4 manifold

First example 54 5 5 Ap Ms'xxs

Basic principle a lot of the topology of M

is captured by how surfaces intersect in M

especially when a M 0

Eg 8 5 vs Ep apt

Hols's Ez EH op er

else

Halsxs gonby a Sept and b peas



Halep Ep gon by a OPD and b COPD

P2 Gp2

intersection matrices

Ii c
52 82 Op QB

so 5 5 Ep Ep

General Fact Every E HIM is

represented by an embedded surface S CM



intersection form H M att M Z

ay S Sy

sightbinear
unimodular on HIM torn Ég
These props best seen

using equivalent formulation

4 HEMIZIX H'Mia Z

ap yup Emt
An pairing

T T fundamental
cupprod class EHyM

Scorpan Think y intersections prone w ap
products



warm up w looking for examples

Eaton Which integral sym bilinear

forms arise as intersection forms

indefinite

Recall last time unimodular 24 29 2

HIP LMA or Eg Him
is one of

Serre

which are intersection forms

Bep 1 1 Bat Fi Base Y

H

BM Me Boy Bm

This F closed simply connected topological

4 manifold M with BM Eg

Waning M has not smoothable



Thin Donaldson M smooth BM definite

Bm fitP or Bm 6179

Key tolotnstruction of Es manifolds plumbing

D

Dta u Kt The
Annulus

P

IEEE o Rgt KID
Mobius

Ip Kleinbottle

Annulus Mobius D candles over s

Build 4 manifold by plumbing D bundles ours

for example



EI Plumb two copies of SLD

as N 4 manifold with boundary

What is N Some clues

No sus intersection matrix 9

IN DIS u s xD 83

I closed 3 manifold

cap to get 5 5 usual cell structure

so N 8482 D4

analogous to surface care got Sks
D2

vertices self intersection
Eg intersection form 2

edges intersect
once

I 2 3 4 5 6 7



Plumb 8 copies

of T s
fit

121 unit disk bundle

1 nexttime

1

Re issues
Then Thou M Sm or mfld Xett Mia

F k 1 St Kx N where NGM

embedded submanifold

If is 8 or i m t m 2 then

x Marsenet



E m z M surface

Any xeH M representedby a multicame

i
a Az

2A aztbz

M H M IT M Hurewicz

X rep'd by smooth immersed came

Surger intersections to get multionme

t

Y



Same argument works for M w T M 0

AzCM É HaLM Hurewicz

Given immersion 5 M selftransverse

intersections look like 1120112 IR

pl
s

5 R es

Te
s

Alternative intersection locally

I w Ed aw 0

Replace 4 Caw ed Zw e

Note in 4d case resulting subated is

connected but not nee S



Eg M Op Hap a EZ

a Op a a 1

La

rep'dby Es

Off

t

rep'dby

generally d a nap'd by surface of genus

geldDYI degree genus formula

can choose rept to be algebraic planeaggp2



tools Gangetheory
FIFI

m

É Seiberg Witten theory

d 4 g 3



Reggemismattisigh

intersection form

H Miata Mia a

Caya Caya MJ

Exercise see notes

If Xi Pomeanedual Xi XieHala

and XI NJ
where NEM

submanifold

then 421,427 Ni Na

This allows us to think reason

geometrically



I XeHuM

Want Nh M embedded submfld

st f CNI x

This Thom 1950s statedincorrectly lasttime

x is rep'd by a submanifold if

or R n 1 in 2

Ex For Md every eeHula

rep'd by a submanifold Of k 8

Rink This is sharp

Eg Splat Ae GIM AAA 13

compact symplectic group He quaternions



10 dimensional compact Lie group

S3 Spin Spla 57

analogens to s E un n 2 s

and so I 04 012 s

Compte Hu Spca
Z k 937 co

o else

exercise in Some spectral sequence

Thu Bohr Hanke Kotschirk
2001

Generator XE H Splat is not

represented by a
submanifold

Rmf This won't
work for 83

57

so 53 Spa 57 must be

nontrivial



A principle G bundle over S eD uDm

DID
det by htry class of

map Smt G

Dm Here To 5 E Mizz
O

Catching
Pomoneduality

Mckean
Brown
representability

M S

f mis as aimless as at H Mia

Jaime



why f smooth Fix neg value Oes

N f a GM submanifold

Fox Hilmi a NEA J N

a PDENT

0 2187 0

42711

kepresentingeettn.IM

Anz M E H Mia E M Klay

M Apo



f My Gpa my E E

µ
Ms C E e Mia

For T Ms E section transverseto O section

N JIM nm GM emb submitted

c E POUND

ECM

alt on a surface evaluates obstruction

tfsection Thisis givenby E N

tE
Thy I simply connected closedUnfed

with intersection form Bme Eg

Key Plumbing



Eg Thats

p t s's DVD c DID CT sZeb

M lad

result is honcoment Lj

N with Bp 1

2 7154

To obtain closed mfed want 2N
53

EBane
t cone not

a manifold

want Hilm M x 4



Lemma N simply conn ON 0
connected

IN homology a Bp unimodular

sphere

Root bread butter alg top

LES of NON

HYON Halon HINTHanina Hilton Hi
Bnl

I Haen'tÉyÉ
Xt Bak

B wwmodntw 3nl is

piso
H CON EH Can

o

At



Thy Freedman on Fahey balls
see

scorpan

X homology 3 Sphere
F contractible

topological Y mfd Y with 24
X

Construction of Eg
manifold

iPlumb noooooo
TS Ts TS TS TT TS TS

to get N M

Bn hi
I 21

Ii



Eg unimodular I 2N is

homology3 sphere

by lemma

Freedman F contractible Y
W 242N

Mi Ng Y

closed top mild BM Es
A

Bmt In fact 2N is Not 8

It's the Poincare Homology sphere

Poincare's countered to Poincaré conj
n

original

Alternate model quotient of dodecahedron



Integmsgctin.am com
M closed oriented 4 manifold

intersection form Bm HzCarlx Helm s 2

The signature of M is defined as

sig M sig Bm
homotopy

invariant

eg sig g
8 5 sig H

9 O

H l

Sig 1P m
att sig I.E n on

Thy geometric significance of
Sig M

Sig M sig Ml Is M M are

coberdant



My
W'oriented manifold

Qt Gwen've
as oriented manifolds

M Mul opposite
orientation

EI Sig M o e M cobordant to 54

since sig S9
o

M bands an oriented

Maw 5 manford

C Ds Dis
65 W W IDs

Cos It doesn't bound
impossibleC 1

algebra

but Gp2 Att does bound



targument p2
t

PIP E N ape
tubular
abhd

I
mo p Es

ILD
3 Op apt

t
p Es

Any s MY dads D W

2
2

But Ep APT 8 82 Why

since Bep f Base



By clutching
anointing se Mas

is determined by homotopy class of

map 5013

A SOB I 2122 so GP2 AT

is the unique
wentrinalstbundle overs

sometimes written s TS

Cant T 801371 2122

5013 E IRP D It on 2103 5

U CW
A is notation along axis v0 by angle

OE O I

So 3 E SZXET.IT



rotation by 0 along v O E id

jIi.ms

Suffices to show sig M
o e

Mbounds

Pot
M cobordant to M E M A bounds

O sig M T
Dax I

sigh siglos

M at



Meow sig M 0
elementary

Sig M 0 M 2N Rokhlin

tti

bennet half lives half dies

Mu JW opened manifolds

dimaker Halm Huw dinah m

Q coefficients

Ker is isotropic wrt Bm

Lemmy if B aka'd Ch nondeg

has d don't isotope subspace then siglBk



Pfoftent By assumption

F U St Blu u 0

F v St Blunt 1

B 9 a
B n Y O B

affiant

M genusgsurface
E We handlebody

I W s INCH

ME T2

NCK I primitive ve H f Et

that bounds in W



Prootoftent w th coett

Hat W M Hu M Is Hulu

112 112 112
PD

H W H M Haw M
M

112 ALT

Hulu
t I Huan't AnewM

din Ker i dim bar at

din in Cia

din Hu M drinker i

linear alg T U V T V ut

drinker Tt din int e din U

ky.fi
isitotopic Fixxaxzekerli

ii s



Yi Ni E Hat WNY Nic W submitted

Ani Xi WI ON one o

Ni'tNit c w y manifold with 2

intersections of 2N
é Ina occur in pairs
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Signature cobendis

The M N closed oriented Y manifolds

M N cobardent Is siglos sig N

Lattimer
equivalent M bounds I sigh o

M bounds Sig M
o

Example K3 manifold

so far haven't seen very
complicated 4 manifolds

Petit smooth quartic in Qp

eg x y't z't who
cap

K3 surface quick but opaque
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Last time IRP 8013 X p
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8013 E T's
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Get closed 4 manifold K K's manifold



Facts ok simply connected

Halkich E Q generatedby

16 52 is zero section of disk bundles

and 6 11 T s coming fromHalt
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to f 23016 9613

Sig K
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intersection form

Actually not obvious By E270160 987

bk not uninodular

our basic is not a basis for Hz Kia

in fact

BRE C Eg 9

The Kokhba siglmko M bounds

IdeaofProof

Immersion theory Every M closedoriented

immerses in R M A

Whitney immersion M es 117



Thou If oriented N embeds in 112kt

Then N bounds oriented wheel in Nkt

Leg 4 1 says Seifert
surfaces exist

Discuss general poof later É
By
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If M G R then
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see Kirby
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0 sight

T
lasttime
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hanhopetohae.MXwcntqe
What's the difficulty geometrically
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siglm is signed count of triple points

key connection algebra to geometry

so Sig m
o triple points occur in 11
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Change M to coberdant manifold
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to get M tsk w no triple points
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my
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X Xy 45 6
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Rut Knots
isotopy

doesn't have

inverses

Rink sometimes K K isotopic concordant

my 2 torsion in C amphichiral

openQ is there 3 torsion 5 torsion

Rut Ribbon Slice conjecture Fox 1960s

Every smoothly slice knot is robber

But Smooth vs topologically slice
is

different

Piccirillo Conway knot is not smoothly
slice

but it is topologically slice
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Sig K signatureof B

Tsiglkway
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sigh sig k
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proofs next time
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Seifertsurface
a Seifert's algorithm

Input knot K planar diagram

Output Oriented surface For with
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Seitgy

eg for fig8 gums 1421 1



Knot genus

g k
min genus F IFSeifertsurface

Example

g k 0 a K bounds D in IR

K unknot

g
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fog8 unknot a genus 1

Haken Algorithm to compute

g k using normal surface theory
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but its run the is exponential in

crossings impractical
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Key to showing this is well defined

This Novikov additmty

MY M UnMz
where 2M N 2Mz

then Sig M Sig Mi sig Ma
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eg M D8 unit dish bundle
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8 D UD

M M V Ma Mi A Cdi E Di xD

E D

Sig M 2 Sig Mi 0
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Connect signatures to symplectic geometry



Maslorindex

Motivation Wall nonadditwity

ME JIMI
tither It Air it Iniing

Sig M sig Mi Sig Malt pills tats

RYwlsympwnmp.pk

wlxig xtJyJ II
LagrangianGrastannian

An Lapin
din c n

why o Angel
CGran



E M RP Is
Ly

In general

Ant SpancIguer I Uhlan

and there is a fibration

1 ng s Mfa

In particular 5 Az s

unique
nontrivial bundle nonorientable Infld

DetiningMidnxtaxtnesperialcare

Suppose

Li tails transverse Link o

Se RU Li Lj



HI

can describe has

graph off Comique linear

f Li 13

re La xtfex xe 43

Define p L
x 4 p

f ing hence is
since link 03

play w x fly

Claim p symmetric

O whites yetis
wÉÉÉÉtj

I wlxifly w fay
Lz Lagrangian

play ply x

pis nondegenerate
b c

w L XL M is nondegen

and f is an iso



Define pulls 12,13 sig p

Ex not Li Lal

Phx o

plushL3 1

4,1213
BE x O

bslongasa.int
can repeat I f L 51 not nec.is

St Lz graph f CL ER

Define B as above and pills 1243 sig p

Note B may be degenerate but that'sokay



diagonalize th't
o

sig plop q

General definition

t.am utvw oed
1

Ui V2v3 w Viva w Vas w usVi

V vz v

quadratic form p
hi LaLa Sig Q

V f dim't V2 din't

QIOQui V2V3 40



Here y A x1 x1 7h

Agrees at the order tocycle on S Ed

x arising Xyz cw

distinctof

Viewing S 2142

signed

Cth trianglespannedbyxigit

Kr p is a coyote

Given 4,413,4

E 1 11 414 É la o 1 4



Novikoradditmty

M Sig M sig Mi tsig Ms

Warmup consider Mayer Victor sequence

HIN Helm Helm Helm 8 H N

If H.CN HzCN O then

Helm E Hz Mi HIM orthogonal
decomp

Sig M sig Mi tsigland

483
connected sum



In general
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Q Does t have a fixed point flax

Moffit
on s'xs are fixed pointfree

V0.4 Lota 9

Brouwer every f D D has afixed
I cloneddish point

Lefschetz f S S continuous

has fixedpoint if

IG Trace fa Hilsical Hilsia 0
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Consequently goof honotepiz also has a fixedpt
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It deg f

for pres differ Af 2
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fixed point

This is sharp fi Ztszel on Cl
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f has exactly one fixed pt f o o



Ex A S XI f rotate

f A A

or pres ditto Mf 0 Lefschetz silent

Indeed f need not have any fixedpoint

javeapreseningdifold
tend to have more fixed guaranteed

fixed points

ExamD 5 8

Thy Nikishin Simon 1974 F 82 s
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É E
Here an area preserving differ still

need not have any fixed points rotate

However



Thin Poincare Birkhoff 1913
orientation

f A six C DI area preserving

and f six o

fly

tod

CCW rotation

Then f has 32 fixed points

3 body problem want periodic solutions

Mathematical formulation
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YES For te JE s Oe at
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Problem what if red green nested

This can't happen ble

f is oven preserving

Problem For fixed t 0,0 not uniquely
determined

fix not so easy

by Birkhoff

see also Graven Hubbard
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ash
y area fam
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that's also Hamiltonian
Chaperons
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has 74 fixed points
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Hamiltonian differ

Given H M R ms d4 1 form

F vector field VH Hamiltonian Vt

st dilla way fu

flow f ft Hamiltonian diffeo

i t
Va Igt R

Have ft has as many fixedpoints as

critical points of H

More generally Arnold predicts sane for

time dependent Hamiltonian vectorfried
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H Mx R R periods
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consider path the dfat x E Space

Recall Spur An s

aloopinspalR has a Maslow index
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generally I not a loop


