
Mapping class groups Spring 2017

Instructor: Bena Tshishiku

MWF 12-1 SC 304

Course description:

Introduction to topics around the cohomology of mapping class groups of surfaces.

Topics

1. Algebraic structure of Mod
g

.

• Generated by Dehn twists, finitely presented.

• Compute H
1

(Mod
g

), H
2

(Mod
g

).

2. Surface bundles.

• Over the circle: multiple fiberings, Thurston norm.

• Over surfaces: signature, Atiyah–Kodaira examples, surface subgroups of Mod
g

.

• Characteristic classes: Miller–Morita–Mumford classes.

3. Mumford conjecture.

• Harer’s homological stability theorem.

• Madsen–Weiss theorem.

• Homotopy type of di↵eomorphism groups, Earle–Eells theorem.

4. Lifting problems for Mod
g

.

• Morita’s nonlifting theorem, flat connections on surface bundles.

• Lifting problems for surface braid groups.

• Sections of surface bundles and Hain’s conjecture.

References:

• Farb–Margalit, A primer on mapping class groups

• Hatcher, A short exposition of the Madsen–Weiss theorem

• Morita, Geometry of characteristic classes
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Lectures.

Part I: algebraic structure of Mod
g

1/23: overview, definition of Mod(S), low-genus examples

1/25: Mod(S) is finitely generated, Birman exact sequence

1/27: Mod(S) is finitely generated, curve complex and connectivity

1/30: abelianization of Mod(S), uniformly perfect groups

2/1: Mod(S) is finitely presented, finding presentations, Hatcher–Thurston theorem, cut system complex

2/3: Mod(S) is finitely presented, Morse–Cerf theory, cut system complex is connected

2/6: Mod(S) is finitely presented, cut system complex is simply connected; Hopf’s formula in group
homology

2/8: Birman–Hilden and relations in Mod(S), computing H
2

Mod(S) with Hopf’s formula

2/10: the Euler class in group cohomology and in nature, examples of nontrivial classes in H2Mod
g,1

.

Part II: surface bundles

2/13: introduction, monodromy as complete invariant, trefoil knot is fibered

2/15: surface bundles over S1, multiple fiberings of the trivial bundle, Goldsmith construction, Stallings
criterion for fibered knots

2/17: Thurston norm, definition and properties, norm ball, examples S ⇥ S1

2/22: Thurston norm examples (Hopf and Whitehead links), fiber of fibration is norm minimizing

2/24: Thurston norm and fiberings over S1, Tischler’s theorem

2/27: classifying space BDi↵(S), characteristic classes of surface bundles, MMM classes

3/1: interpretations of 1st MMM class

3/3: signature of surface bundles, Hirzebruch criterion for branched covers

3/6: Atiyah–Kodaira constructino of surface bundle over surface with nonzero signature

3/8: surface bundles over surfaces with many fiberings, Salter construction

Part III: cohomology of Mod
g

3/20: Mumford conjecture, applications, precursors, major ingredients of proof

3/22: homological stability, strategy, execution for symmetric groups

3/27: homological stability, equivariant homology and application to computing group homology

3/29: homological stability, spectral sequence argument, application: moduli space M
g

and Mod
g

have
same rational homology

3/31: homological stability, stability for Mod
g

, properties of the arc complex

4/3: homological stability, connectivity of arc complexes

4/5: topology of di↵eomorphism groups, di↵eomorphisms of spheres, exotic spheres, Smale’s theorem on
Di↵(S2)

4/7: topology of di↵eomorphism groups, proof of Smale’s theorem, remarks on generalized Smale conjec-
ture
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4/10: topology of di↵eomorphism groups, proof of Earle–Eells theorem, topology of space of arcs

Part IV: application

4/12: flat connections on manifold bundles, example: circle bundles and Milnor–Wood inequality

4/14: Milnor–Wood inequality, Sullivan’s geometric proof, characteristic classes and flat connections:
Chern–Weil theory and bounded cohomology

4/17: bounded cohomology, simplicial volume, Gromov norm proof of Milnor–Wood

4/19: flat surface bundles, homotopy viewpoint on foliations, Bott vanishing theorem

4/21: Bott vanishing theorem, nonflat surface bundles

4/24: Morita m-construction, flatness question for surface bundles over surfaces

4/26: lifting problem for point-pushing subgroup and for braid groups
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