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leftRlleftzrightrightleftxrightsqrtx2leqsqrtx2y2leftzright
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Claim zabicjdx

has inverse wfracabicjdka2b2c2d2
Proof Define overlinezabicjdmu

Direct computation zoverlineza2b2c2d2inmathbbR

Then wfracoverlinezoverlinezz and zwfraczoverlinezzoverlinez1

b claim ziizLeftrightarrowzabi

Pf Compute
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5 WTS nm sum of 4 square

nm is a sum of 4 Squares

Key observation n sum of 4 squares

nzoverlinez for some quaternion Z
w

integer coefficients

So suffices to show if nzoverlinez momegaoverlinev

Then we can write nmaoverlinea

Well nmleftzoverlinezrightleftwoverlinewrightzleftwoverlinewrightoverlinez
zwoverlinewoverlinez
leftzomegarightoverlinezomega

So nmaoverlinea is sum of 4 squares

Warning quaternions are not commutative

but omegaoverlineomegainmathbbR is central
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Alternativeproof

Observe it zaibcjdk

then fraczzleftaibright2leftcidright2

so nmleftleftaibright2leftcidright2rightcdotleftleftaifright2leftgihright2right SQ R
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n312112 s
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Claim nm15 not sum of 3 squares

squares less
than 15 are 0,1 4,9

Observe no 3 sum to 15
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