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Problem 1. The helicoid s the surface given by the chart

¢(u,v) = (veosu,vsinu,u), u,veR.

Use a mathematica ParametricPlot3D (or similar) to plot this surface. Compute (by hand) the
first and second fundamental forms 1,11 and mean curvature H of this surface.

Solution. ¢, = (—vsinu,vcosu, 1) ¢p = (cosu,sinu,0)
Guu = (—vcosu, —vsinu, 0) ¢y = (0,0,0) dyp = (—sinu, cosu, 0)

1= <$uvd’u> {®u=¢-¢.> — 'J'..'2+]_ 0
< Py Oy > < ij:‘;’tr > 0 1

Oy X By = (—sinu,cosu, —v?2), |y X o] = Vo2 + 1

p— quér — 1 - a2
Nog=fuit —m( sinu, cosu, —v*)

<Nod,dyy > <Nog, oy >

I (q Nog,pyyu > < Nog, oy }) 1 (0 1

vi+1

G+gE—2fF
H:_%(C EG—F )=0

"Hint: Your answer for the mean curvature, if correct, will be exceedingly simple.

)



Problem 2. Consider the curve®

aft) = (t — tanht, secht,0), t > 0.

Let S be the surface obtained by revolving ov about the x-axis. Use a mathematica ParametricPlot3D
(or similar) to plot this surface. Compule (by hand) the first and second fundamental forms 1,11
and Gauss curvature K of this surface.”

Solution. We are given a curve of the form (x(t),y(),0). To express a surface of revolution on the
x-axis, we rotate along the x-axis by an angle 8: we write (z(t), y(t) cos(#). y(¢) sin(#)). We then
have R produced by o as

R(t) = (t — tanh(t), sech(t) cos(), sech(t) sin(f))
This produces the following graph in Mathematica:
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We compute the first partials of the chart with respect to spanning vectors uw and v. Letting

&t et gt

: . 2 . ef Lot 2 =
?Recall the hyperbolic trig functions are defined by cosh(t) = 5— sinh(f) = ==—, ete. I suggest you derive
or look up formulas for the derivatives and identities satisfied by these functions.

Hint: Your answer for the Gauss curvature, if correct, will be exceedingly simple.



s = sech(t) tanh(t),

Ry = (tanh?(t), —s cos(6), —ssin(6))
Ry = (0, —sech(t) sin(#), sech(t) cos(#))

We can next compute the inner products for R; and Ry which are the coefficients for I:

E = (R;,R;)
(1 —sech®(t))? + 5% cos?(#) + s?sin*(9)
(1 — 2sech?(t) + (sech?(t))* + sech(t)? tanh(t)?
1 + (sech?(#))(—2 + sech?(t) + tanh?(t)
1 + (sech®(t))(=2+4 1) = 1 — sech?(%)

F= (R, Rg)
(—scos(f))(—sech(t)sin(f)) + (—ssin(#))(sin(t) cos(#))
= ssech(t) cos(#) sin(@) — ssech(t) cos(#) sin(9)

= 0

G = sech®(t) sin®(0) + sech?(t) cos?(f)
= sech?(t)

(5 6)- (7 i)
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‘We can calculate N:

N|R; x Rg| =Rt x Ry

i j k
= |tanh?(¢) —scos(f) —ssin(f)
0 —sech(t) sin(f) sech(t) cos(f)



Problem 3. Let T be a torus of revolution. Use the Gauss map to arque that the average Gaussian

curvature over T is 26?"0.4

Solution. A torus of revolution can be obtained by revolving a circle of radius r centered at (12,0)
in the -2z plane about the z-axis. Its parametrization is

olu,v) = ((R+ reosv)cosu, (R+rcosv)sinu, rsin v), 0<u,v<2m.

We compute
¢y = (—(R+rcosv)sinu, (R+rcosv)cosu, 0), ¢, =(—rsinvcosu, —rsinvsinu, rcosv).
Then
E = ¢y-¢u = (R+ rcosv)?, F=¢,d,=0, G =y -t = r°.
Next, the second derivatives are
wu = (—(R + reosv)cosu, —(R + reosv)sinu, 0),
dyp = (rsinvsinu, —rsinwvcosu, 0),
Dy = (—rcosveosu, —rcosvsinu, —rsinw).
The normal vector is obtained from
by X &y = r(R+ rcosv)(cosucosv, sinucosv, sinv),
s0 the unit normal (Gauss map) is
N(u,v) = (cosucosv, sinucosv, sinv).
Using this, we compute
€ = @yu-N = —(R + recosv) cosv,
f = ‘?juv'iw =0,
a= Opy-N = —1.
The Gaussian curvature is

eg—f>  (—(R+rcosv)cosv)(—r) cosv

K = = = .
EG — F? (R + 7 cosv)?r2 (R + rcosv)

The area element is
dA = ||oy x ¢yl dudv = (R + rcosv) dudv.

Hence
27 p2rw 2 p27w
/ KdA = / / st r(R + reosv)dvdu = / / cos v dv du.
r (R + reosv)
Integrating,
2m 2m
cosvdv =sinv| =0,
0 0

S50

/ KdA=0.
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“Hint: use some symmetry. Try not to do much computation.



Problem 4. Let A be a symmetric 2 x 2 matriz. Write v(0) = (cos0,sinf) for a point on the
unit circle. Show that the average value of (Av(0),v(0)) is equal to 3tr(A). Use this to explain the
terminology “mean curvature”.®

Solution. We define A as

aj; a
A= ™4 *3 ,where a9 = as.
a1 a2

Therefore, we can compute

(Av(8), v(0)) = <(

= ay cos? 0 + ago sin® 0 + 2a,9 cos@sin @

@11 cosf + apa sinf
i RTO)
a21 cos 0 + ago sinfl

To find the average, we do the sum over the range, which is
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- - ! - = A
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Geometrically, if A is the shape operator of a surface, then for any unit tangent vector v(#), the
quantity

Hr!(g) = (AU(G), 1’(9))
is the normal curvature in that direction. The computation above shows that the average of &,,(¢)
over all directions satisfies
2n

1 1
5 |, Kn(®)d8 = 5er(A).

Since the eigenvalues of A are the principal curvatures xy, k2, we have

1 K1+ K2
Str(d) =02 g
Thaa 2

Therefore, the mean curvature H is literally the average of the normal curvatures in all tangent
directions, which explains the term “mean curvature.”

O

*There is only one completely correct answer here, so please think carefully.



