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The obstruction comes from their 
mapping class groups.
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Examples SLn(ℤ) ↷ ℝPn−1, Sn−1, Tn = ℝn/ℤn

Question Which compact, smooth manifolds  admit 
an infinite action of ? 
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Infinite means the image of  is infinite.SLn(ℤ) → Diff(M)

Classification results
• (Witte-Morris 1994) If , no faithful n ≥ 3 SLn(ℤ) ↷ S1

• (Brown—Fisher—Hurtado 2020)  
If , no infinite .d ≤ n − 2 SLn(ℤ) ↷ Md

• (Brown—Rodriguez-Hertz—Wang)  
Every infinite action  factors through .SLn(ℤ) ↷ Mn−1 SLn(ℝ)
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Problem Show  doesn’t act on exotic -tori, e.g. 
 where  is an exotic  sphere. 

SLn(ℤ) n
M = Tn#Σn Σ n

e.g. Σ2n−1 = {z5
1 + z3

2 + z2
3 + ⋯ + z2

n+1 = 0} ∩ { |z | = 1} ⊂ ℂn+1

Poincare homology sphereΣ3 =
exotic 7-sphere, generates  Σ7 = Θ7
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Problem Show  doesn’t act on exotic -tori,  
e.g.  where  is an exotic  sphere. 

SLn(ℤ) n
M = Tn#Σn Σ n

Fact (BKKT) Any nontrivial action  is 
homologically standard.

SLn(ℤ) ↷ Tn#Σ

Hence, to show  does not act on , it suffices 
to show that the natural map  does 
not split. (Nielsen realization)

SLn(ℤ) Tn#Σ
Diff+(Tn#Σ) → SLn(ℤ)
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(
n

⨁
j=0

Λj(ℤn) ⊗ Θn−j+1) ⊕ (ℤ/2ℤ)∞
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Example Any homomorphism  is trivial.SL8(ℤ) → Diff(T8#Σ)

homotopy -spheres  Θn := { n }
  ( )≅ π0Diff+(Sn−1) n ≠ 4

sphere twist in η(Σ) = Σ#Σ ≅ Sn
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