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The obstruction comes from their

mapping class groups.
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Actions of SL, (Z) on manifolds

Question Which compact, smooth manifolds M¢ admit
an infinite action of SL (Z)7

Infinite means the image of SL (Z) — Dift(M) is infinite.

Examples SL (Z) ~ Rpr-t =1 " = R"/ 7"

Classification results
o (Witte-Morris 1994) If n > 3, no faithful SL (Z) ~ S!

e (Brown—Fisher—Hurtado 2020)
It d < n—2, no infinite SL (Z) M
e (Brown—Rodriguez-Hertz—Wang)
Every infinite action SL (Z) M"™ ! factors through SL_ (R).
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Conjecture (Fisher-Melnick)

Conjecture 3.6 Let I' < SL(n, R) be a lattice and M a compact manifold
of dimension n. Then any action p : I' — Diff (M) either
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(1) extends to an action of SL(n,R) or SL(n,R),

(2) factors through a finite quotient of T, or
(3) is an action built from tori, G-tubes, G-disks, blow-ups, and two-
sided blow-ups, with I' a finite-index subgroup of SL(n,Z).

Problem Show SL (Z) doesn’t act on exotic n-tori, e.g.

M = T"#2" where X 1s an exotic n sphere.

e.g. 2 =P+ 3+ 2+ +22,=0)n{|z] =1} cC"
>3 = Poincare homology sphere

>/ = exotic 7-sphere, generates O,
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Reduction to Nielsen realization

Problem Show SL (Z) doesn’t act on exotic n-tori,

e.g. M = T"#2" where X 1s an exotic n sphere.

Fact (BKKT) Any nontrivial action SL (Z) ~ T"#ZX is

homologically standard.

Hence, to show SL (Z) does not act on T'#X, it suffices
to show that the natural map Diff*(T"#X) — SL, (Z) does

not split. (Nielsen realization)
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Nielsen realization

M = T'#X, X exotic n-sphere
Question. Diff*(M) — Out™(z;M) = SL,(Z) split surjection?

Intermediate problem. z,Diff"(M) — SL (Z) split surjection?

lit?
Diff*(M) ——> SL (Z)

\ /, split?

Mod(M) := m, Diff (M)
Remark
o For M = T"#X%, Diff*(M) — SL (Z) is surjective.
e (Hatcher, BKKT) ker [Mod(M) — SLH(Z)] isomorphic to
(DrzH®e, ) e znz)

J=0
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Splitting theorem

M = T2, X exotic n-sphere. Mod(M) — SL (Z) split?

Theorem (Bustamante-Krannich-Kupers-T)

Mod(T"#2) — SL (Z) splits © 2 | p(X) In O, ;.
n(X) = sphere twist in T#X ~ "

Sn—l
Si’l

" - ®n — ®n+1

®, := {homotopy n-spheres}
~ 7, Diff t(S""1) (n # 4)

n < 6and # 4

9

10

11

12

13

Z/28
Z/28

Z/2

(Z/2)%* 0 Z/2
(Z/2)®? & 0

Z/6
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Splitting theorem

M = T2, X exotic n-sphere. Mod(M) — SL (Z) split?

Theorem (Bustamante-Krannich-Kupers-T)

Mod(T"#2) — SL (Z) splits © 2 | p(X) In O, ;.
n(X) = sphere twist in T#X ~ "

Sn—l
Si’l

" - ®n — ®n+1

®, := {homotopy n-spheres}
~ 7, Diff t(S""1) (n # 4)

n | <6and#4| 7 | 8 9 10 | 11 |12] 13
0, 0 Z/28 | Z/2 (Z/2)®°Z/2 | Z]6 | Z]/992 | 0 | Z/3
o 0 7/28 | 0 (Z/2)®2 0 | Z/6|Z/992 | 0 | Z/3

Example Any homomorphism SLg(Z) — Diff(T*#X) is trivial.
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Application: Anosov actions

M = T'#%, X exotic n-sphere.
Theorem (Bustamante-Krannich-Kupers-T)

Mod(T"#X) — SL,(Z) splits < 2 | n(X) in O, _ ;.

Theorem (Bustamante-T) 2 4 #(Z), G = (A,B) = 7> < SL (Z)
Dift*(T"#X) — SL (Z) splits over G < p(A, B) = 0.

p(A.B)= )  dim[E(A)NE,B)] (mod 2)
A € Spec_y(A)
U € Spec_y(A)

Corollary. There exist linear Anosov actions Z? ~ T" not
realized by any smooth action Z2 ~ TH#X.







