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Geometric cycles and characteristic classes of manifold bundles
(with an appendix by M. Krannich)
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Abstract. We produce new cohomology for non-uniform arithmetic lattices I' < SO(p, q)
using a technique of Millson—Raghunathan. From this, we obtain new characteristic classes of
manifold bundles with fiber a closed 4k-dimensional manifold M with indefinite intersection
form of signature (p, ¢). These classes are defined on finite covers of B Diff(M) and are shown
to be nontrivial for M = #(S 2k § 2"‘). In this case, the classes produced live in degree g
and are independent from the algebra generated by the stable (i.e. MMM) classes. We also give
an application to bundles with fiber a K3 surface.
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1. Introduction

The starting point of this paper is the following new result about the cohomology of
certain arithmetic groups I' < SO(p, g).

Theorem 1. Fix 1 < p < q such that p + q > 3. Let A C RP1Y be a lattice
with an integral bilinear form of signature (p,q). Consider the group SO(A) of
automorphisms of A with determinant 1. For every n > 1, there is a finite-index
subgroup T' < SO(A) so that dim H? (I'; Q) > n.

A lattice A as in Theorem 1 is determined up to isomorphism by its signature
(p, q) and its parity (even or odd) [31, Ch.II, §4]. The group SO(A) is a nonuniform
lattice in SO(p, q) = SO(A ®z R) and has Q-rank p. (Note we are using “lattice”
in two different ways. This should not cause any confusion.)

Constructing nonzero elements of H*(I'; Q) is a classical important problem in
the theory of arithmetic groups. Our primary interest is to use Theorem 1 to produce
new characteristic classes for certain fiber bundles. Recall that a characteristic class
for fiber bundles with structure group G is an element of H*(BG), where BG is the
classifying space of G. Our first application is as follows.

Corollary 2. Fix g > 2 and fix n even so that2n > g+ 4. Let Wg2” = #,(S" x §"),
and denote the group of orientation-preserving diffeomorphisms of Wy by Diff (Wy).
For every m > 1, there is a finite-index subgroup DiffF(Wg) < Dift(Wy) so that
dim H#¢ (B Diff" (W, ); Q) > m.
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Before discussing further applications, we make several remarks.

The cohomology produced in Theorem 1 is new. Millson—Raghunathan [30]
produce uniformI' < SO(p, g) with1 < p < g and p evensuchthat H?(I"; Q) # 0.
Note in particular that [30, p. 103] requires p to be even, whereas in Theorem 1 works
for any p. This “improvement” is obtained using some ideas from more recent work
of Avramidi-Nguyen-Phan [2].

The particular finite-index subgroup I' < SO(A) in Theorem 1 is somewhat
difficult to make precise by the nature of the construction. The subgroup

Diff" (W,) < Diff(W,)

appearing in Corollary 2 is defined as the preimage of a subgroup I' < SO(A) under
a homomorphism
Dift(Wy) — SO(A),

where A is Hn(WgZ") with its intersection form.
When p = ¢, then if I' < SO(A) is finite index and i < p — 2, then

H'(T;Q) = H'(SO(A); Q).

This follows from Borel’s stability theorem (see [7], and see [42] for the stated range).
Moreover, in this range, the cohomology ring H*(SO(A); Q) is a polynomial ring
with one generator in each degree 4k > 0. Theorem 1 shows that the stable range
given in Borel’s theorem is nearly sharp in this case. A similar observation for
uniform lattices in SO(p, ¢) is mentioned in [30].

Another way to state Theorem 1 is that the p-th virtual Betti number of SO(A)
is infinite. If SO(A) < SO(p, ¢) was uniform, then to prove Theorem 1 it would
suffice to prove that there exists I' < SO(A) such that H?(I'; Q) # 0. Then
since SO(A) has a large commensurator one can produce many linearly independent
classes in further finite-index subgroups by an argument that appears in [43]. For a
non-uniform lattice, the same argument works, but only up to the range in Borel’s
stability theorem. In our case, that range is less than p, so that argument cannot
be used toward proving Theorem 1. Our approach to showing dim H?(I"; Q) can
be made large is along the lines of Avramidi—-Nguyen-Phan [2, Thm. 1.2], but the
argument is different.

For I' < SO(A), aclass

ce H*(I';Q) =~ H*(BT; Q)

can be viewed as a characteristic class for vector bundles W — B with structure
group I' < GL,44(R). We explain what the characteristic classes produced in
Theorem 1 measure using obstruction theory in §4. This gives a new perspective
on the Millson—Raghunathan construction. It also provides an interpretation for the
classes in Corollary 2. This becomes relevant in our application to bundles with fiber
a K3 surface; see §5.1.
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The cohomology produced in Corollary 2 is new. The previously known classes
in H*(B Diffr(Wg); Q) are the stable classes (also known as tautological or
generalized Miller-Morita—Mumford classes). For B Dift(W,), the stable classes
account for all of the cohomology in low degree * < g [16-18]. When g is odd,
the classes we produce live in odd degree, whereas the stable classes all have even
degree, so our classes are not in the algebra generated by the stable classes. A similar
statement can be made for g even. The nontriviality of these classes is detected
by a nontrivial bundles, so Corollary 2 gives a new way to produce topologically
nontrivial bundles Wy — E — B%.

Corollary 2 illustrates that the unstable cohomology of arithmetic groups is a
source of cohomology of B Diff(Wg). This phenomenon is largely unexplored; see
also Corollary 30 in the appendix.

About the proof of Theorem 1. The cohomology classes in Theorem 1 are produced
using geometric cycles in locally symmetric spaces. Let X = SO(p,q)/K be the
symmetric space associated to SO(p, ¢), and let Y = I'\ X be the locally symmetric
space for I' < SO(A). There is an isomorphism

H*T:Q) = H*(Y: Q).

Eachclass c € H?(I'; Q) we produce is Poincaré dualto acycle [Z] € H;lq_p (Y:;7Z)
in Borel-Moore homology with closed supports, and [Z] is represented by a totally-
geodesic, properly-embedded oriented submanifold Z C Y. To show [Z] # 0, we
find a compact, totally-geodesic oriented submanifold Z’ C Y of dimension p so
that the intersection number [Z] - [Z'] € Hy(Y;Z) =~ Z is nonzero.

The cycles [Z] and [Z’] are often called geometric cycles. The idea of finding
nontrivial homology of a locally symmetric space/arithmetic group by finding a pair of
geometric cycles with [Z]-[Z'] # 0 goes back to Millson [29]; see also [2,25,30,37].
In each of these works, the locally symmetric space ¥ = I'\ X is either compact,
or the lattice I' is commensurable to SL,(Z). The spaces I'\ SO(p, ¢)/ K we are
interested in do not fall into either of these categories. Theorem 1 extends the known
results to this case.

In ourargument Z’ C Y is the quotient of a maximal periodic flatin X . Theorem 1
gives a partial answer to a question of Avramidi-Nguyen-Phan [2, §9].

Characteristic class interpretation. For the application to manifold bundles, the
element

[Z] € Hy,_,(Y:Q) = H?(BT; Q)

described above is not of any particular use as an abstract cohomology class. For this

reason, one wants a bundle-theoretic construction of [Z] as a characteristic class.
Fix a lattice A C RP*Y as in Theorem 1. For a CW complex B, a map

B — B SO(A) defines a vector bundle R?*t4 — W — B with a fiberwise lattice A
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and a fiberwise bilinear form B of signature (p,q). We extend the structure group
to SO(p,q) > SO(A) (this amounts to forgetting A but remembering ), and then
consider the different ways to reduce the structure group from SO(p, ¢) to its maximal
compact subgroup. Each choice of reduction corresponds to a choice of a rank-p
subbundle U C W on which B is positive definite. From this setup, we build a
characteristic class ¢ that measures the difficulty of choosing U C W in a way that is
“compatible with A.” We make this precise in §4 using classical obstruction theory,
and we show that c € H*(BT'; Q) is dual to a geometric cycle [Z].

Applications to manifold bundles. Let M *F be a manifold, and let A 37 denote the
lattice Hox (M ; Z) /torsion with its intersection form. Given an M -bundle 7:E — B,
one can build a vector bundle W — B by replacing each fiber M}, := 7w~ (b) with
its homology Hyy (Mj;R). On the level of classifying spaces, this corresponds to
the map

a: BDiff(M) — BO(A )

induced by the action «: Diff(M) — O(A ) of the group of oriention-preserving
diffeomorphisms Diff(M) on Az by automorphisms with determinant +1. For
I' < SO(A 1), we define

Diff" (M) = o~ (I).

If ' < SO(A ) is finite index, then Diff" (M) < Diff (M) is also finite index. In this
case, note that any M bundle E — B has structure group reducing to B Diff" (M)
after passing to a finite cover of B.

To apply Theorem 1 to manifold bundles, we are interested in the homomorphism

«*: H*(BT'; Q) — H*(BDiff" (M); Q). (1.1)

Application to Wg4 k= #q(S 2k % §2K). When M = Wg4 k information about a* can
be obtained using work of Berglund—Madsen [4]. This is explained in the appendix,
written by Manuel Krannich, which studies o* for the more general class of manifolds
Wg2” = #¢(S" x §") withn > 3. Itis shown that o™ is injective in a range of degrees
growing with n; see Theorem 29. Corollary 2 follows immediately from Theorems 1
and 29. As a further consequence of Theorem 29, the appendix produces unstable
classes in the rational cohomology of B Diff (Wgz”) for n > 4; see Corollary 30.
We remark that the homomorphism

H*(BO(Aum): Q) - H*(BDIff(M); Q)

can be completely understood in the stable range using index theory. Morita [32]
showed this for M a surface; see also [13]. The techniques used to study o™ outside
the stable range rely on surgery theory, Morlet’s lemma of disjunction, and rational
homotopy theory; see the appendix.
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Application to K3 surfaces. Let M* be a manifold diffeomorphic to a K3 surface.
In this case SO(A pz) is a lattice in SO(3, 19), and by Theorem 1, we can find finite-
index I' < SO(A ) and a nonzero cycle z € H3(BI'; Q). Using the global Torelli
theorem, we conclude that z is in the image of

Hs(Brmo Diff" (M): Q) — H3(BT; Q).
We are not able to determine if z is in the image of
oy Ho (B Diff' (M); Q) - H,(BT;Q),

but we relate this problem to another problem of interest. Specifically, we give an
example z # 0 € H3(BI';Q) so that if z is in the image o, then there exists a
K3-surface bundle over a 3-manifold that does not admit a fiberwise Einstein metric.
This should be contrasted with a theorem of Donaldson [12, Cor. 6.3] that says that
every K3 bundle over S! admits a fiberwise Einstein metric; when the base has
dimension at least 2, the corresponding statement seems to be unknown.

Odd-dimensional manifolds. With the methods of this paper, we can also produce
characteristic classes for M bundles when dim M is odd. A sample application to
M = #3(5% x S9*1) is discussed in §5.

Section outline. In §2 we recall the general method of constructing homology of
arithmetic groups using geometric cycles. In §3 we apply that method to SO(A) and
prove Theorem 1. In §4 we explain how to view geometric cycles as characteristic
classes. Finally, §5 and the appendix contain the applications to manifold bundles.
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2. Homology of arithmetic groups: geometric cycles

This section provides the setup for proving Theorem 1. We summarize the general
strategy to produce geometric cycles in the homology of arithmetic groups/locally
symmetric manifolds. We follow [30] and [38] and refer the reader to these sources
for further details. In §3 we will apply the material of this section to the specific case
of interest I' < SO(A).

2.1. Geometric cycles: the general strategy. Fix an algebraic Q-group G such that
G(R) is a semisimple Lie group without compact factors. We are interested in
finding some nontrivial homology of a finite-index subgroup I' < G(Z). The exact
subgroup I' will be (unfortunately) out of our control, and at several points we will
replace I" with a further finite-index subgroup (without changing the notation) to
ensure that some geometric fact is true.

We begin by describing the locally symmetric model for BI'. Choose a maximal
compact subgroup K < G(R), and define X = G(R)/K. The manifold X
is contractible and admits a G(R)-invariant Riemannian metric of nonpositive
curvature. Since I' < G(R) is discrete, it acts properly discontinuously on X
and each point-stabilizer in I" is finite. We can replace I by a torsion-free, finite-
index subgroup [33, Thm.4.8.2], so then I" acts freely on X. Then Y = '\X is a
model for BI". The manifold ¥ may be noncompact, but it has finite volume (because
arithmetic subgroups are lattices [33, Thm. 1.3.9]).

The manifold Y has an abundance of totally geodesic immersed submanifolds.
Let G; < G be a subgroup and take & € G(R) so that K := G;(R) N (hKh™1) is
a maximal compact subgroup of G1(R). The image of the orbit map

GiR)>g+—>ghKeX
is totally geodesic submanifold
Gl(R)/Kl ~ X; C X.

If G; is a Q-subgroup, then I'y = G; N I has finite index in G1(Z), and the natural
map ji: Y1 = I'1\ X1 — Y is a proper, totally geodesic immersion [38, §6].

With this setup, we are ready to discuss the general strategy for producing
“geometric cycles” in the homology of Y. Let 0 = eK be the basepoint of X.
First choose G1, G, < G so that

() X1 and X, have complementary dimension d; + d» = dim X, the intersection
X1 N X, = {o} is transverse, and Y is compact.

Then choose I' < G(Z) so that

(1) the quotients Y, Y7, Y, are oriented manifolds, the maps ji, j» are embeddings,
and the intersection Y; N Y5 is transverse and every intersection has positive sign.
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Given (7) and (}), the submanifolds ¥; C Y determine classes [Y1] € Hy, (Y;Q)
and [Y>] € H;lz(Y; Q) in homology and homology with closed supports, and the
algebraic intersection [Y1]-[Y>] is nonzero, so [Y1] # 0in Hy, (Y; Q) = Hg, (I'; Q),
and [Y2] # Oin H§12(Y; Q) = HY(Y;Q) = H% (T'; Q). This is explained in more
detail in [38].

The general strategy does not always work. Indeed, it is not always possible to
achieve (). One problem is that a totally geodesic subspace X; C X need not admit
a subspace of complementary dimension. (It is shown in [30, Theorem 1.1] that
such a complement exists if X; = X is the fixed set of an involutive isometry.)
Another problem is that if ¥ is non-compact, then there is no reason Y; or Y> need
be compact in general. Nevertheless, in some special cases, one can find Gy, G3 so
that () is satisfied. We will see this when G is an indefinite orthogonal group in the
next section.

Now we address the difficulty with (). There is a general theorem that ensures
the first two clauses of (3). (Ensuring that Y is oriented is easy, but ensuring Y;
and Y, are oriented is already nontrivial.)

Theorem 3 ([38, Theorem D]). Let G be a connected semisimple algebraic Q-group,
let G1 < G be a connected reductive Q-subgroup, andlet ' < G(Q) be an arithmetic
subgroup. Then after replacing I" by a finite-index subgroup, the map j1:Y1 — Y
is a proper, injective, closed embedding, and each component of the image is an
orientable, totally geodesic submanifold of Y .

Given Theorem 3, the remaining difficulty is showing that, after replacing I" with
a subgroup of large index, Y1 N Y5 is a finite set of points and the intersection number
at each point is +1. We explain how to approach this problem in the next subsection.

2.2. Intersections and double cosets. Assume that G;, G, < G satisfy (7) and
that I’ < G(Z) is torsion-free and the associated manifolds Y; and Y, are oriented,
embedded submanifolds of Y. As explained in [30] (to be reviewed below), the
components of Y1 N Y, can be identified with a certain subset Q2 of the double
coset space I';\I'/ I';. Choosing coset representatives 1(I") C I" for 2, the sign of
the intersection corresponding to y € I(I') is determined by the double coset of y
in G (R)\G(R)/G; (R), where G;F(R) < G;(R) is the subgroup that preserves
orientation on X; and on X (these conditions are not automatic if G;(R) and G (R)
are not connected). In particular, if y can be written y = g,g; with g; € Gi+ (R),
then the corresponding intersection is positive [30, Cor. to Lem. 2.5]. One wants to
show that if I' < G(Z) is a subgroup of large index, then every y € I(I") belongs
to one of the double cosets in G5 (R)\G(R)/G; (R) that correspond to a positive
intersection number.

Components of Y1 N Y,. First we describe the set 7mo(Y; N Y3) in terms of the
double coset space I',)\I'/T";. Denote the projection IT: X — Y. There is a
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bijection between IT~!(Y; N Y,) and
T :={(y,x1,x2) 1 yx1 = X2} CI' x X1 x X»

(an intersection downstairs is covered by an intersection upstairs, and we can translate
by T so that the intersection happens on X5). The set 7" has an action of I', x I'y
given by
-1
(a2, 01).(y, X1, X2) = (@2y0y , @1x1, 02X2).

Claim. Y1 NY, =~ T/(Fz X Fl)

To prove the claim, one shows that if (y, x1,x2) and (y’, x], x5) are in T, then
IT(x;) = II(x)) if and only if there exists ;; € I'; so that

(v, x7,x5) = (a2, 1).(y, X1, X2).

The “if”” direction is obvious. For the “only if”” direction, one uses the fact that Y; is
embedded in Y, which implies thatif y € " and yX; N X; # @, then y € I';. More
details can be found in [30, §2].

A similar argument shows that if (y, X, x2) and (y’, x{, x5) are in 7', then IT(x)
and II(x}) are in the same component of ¥; N Y5 if and only if y and y’ lie in the
same double coset I',)\I"/I';; see [30, Lemma 2.3 and Proposition 2.3]. In other
words, 7o (Y1 N Y>) is in bijection with

Q = {ToyT 1y X1 N X, # @) C TL\T'/ T

Note that Q =~ 7m¢(Y; N Y>3) is finite because Y7 N Y, C Y; is a submanifold and Y;
is compact.

Sign of the intersection. Next we explain, for each y € mo(Y; N Y3), whether the
intersection is positive, negative, or degenerate. Fix a set of coset representatives
I(I") C T for elements of €2, and assume that y; = Id represents I'>17;.

Note that for y € I(I') we can write y = azka;', where a; € G:r(R) and
k € K. This is because yX; N X, # @ implies that there exists x; € X; so that
yX1 = Xx3. Since G;L(R) acts transitively on X;, we can choose a; € G;L(R) o)
that a; (0) = x;, where 0 = eK is the basepoint of X = G(R)/K (and is also the
intersection of X; and X,). Then az_lyal(o) = 0, which means az_lyal = k for
some k € K.

Since a; preserves orientation on X; and X, the sign of the intersection y X1 N X,
is determined by the action of k on T, X:

Lemmad4. Letey,...,ep € ToXyand epyy,...,en € Ty X, be positively oriented
bases. Define €(y) by

k(en) N---Nk(ep) Nepri A== Ney, =€(y) et A= Aey. 2.1)
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(a) The intersection corresponding to y € I1(I') is positive, negative, or degenerate
according to whether €(y) is positive, negative, or zero.

(b) Ify,y" € I(T) lie in the same coset G (R)\G(R)/ G (R), then e(y) = €(y").

Proof. Webeginwith (a). Thebasis (aje;. ..., aiep)is positively orientedin T, X1,
and the basis (az€p+1, . . ., aze,) is positively oriented in 7, X>. We want to know if

(v(aier).....y(arep).azepyi. . ... aze,)

is positively oriented in Ty, X . Since a, preserves orientationon X and y = arkaj’,
the orientation of this n-tuple is the same as the orientation of

(kei,....kep,epi1,....en).

See also [30, Prop. 2.3].

For (b), assume y,y’ € I(T') and y’ = hyyh; for some h; € G (R). There are
two cases: the intersection yX; N X, is either degenerate or not. If yX; N X, is
degenerate (i.e. has dimension at least 1), then the same is true for i yh; = ¥/, so

e(y) =0=¢€(y).

If X1 N X, and hence also ¥’ X1 N X5 are non-degenerate, then there exists a unique
X1,X] € X1 and x2, x5 € X, so that

yx1 =xp and y'x] =x5.

Since y’ = hayhy, it follows that x; = h1x} and xo = h;'x}. Thenif y = azkaj!
where a; (0) = x;, then we have

Y = haazkai'hy,
and
hy'a1(0) = hy'(x1) = xi  and  hpaz(0) = ha(x) = x5,

which implies that both €(y) and €(y’) is computed from the action of k as in (2.1),
o)

e(y) = e(y").
See also [30, Lem. 2.5]. ]

We note that (b) implies that the sign of the intersection doesn’t depend on the
choice of representative y € I(I") as long as I'; C GiJr (R), which can be arranged
by passing to a finite-index subgroup (c.f. Theorem 3). In this case we have the
following formula

] [Ya) = D ).

yel(I')
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Note in addition that (b) implies that if y € G,F(R)G;" (R), then e(y) = +1. We
can see this latter fact directly as follows: if y = g2g1 € G5 (R)G; (R), then

yX1 N Xz = (g281X1) N X2 = (g2X1) N X
= g(X1 N g5 X5) = g2(X1 N X2), (2.2)

and since g, preserves orientation on X and X5, this implies that the sign of the
intersection yX; N X, is equal to the sign of the intersection X; N X5, which is
positive by assumption.

Writing y € I(T') in G; (]R)Gl'" (R). As mentioned above, one way to show an
intersection yX; N X, is positive is to show that y € G;r (R)G;’(R). The next
two propositions are partial progress to writing y in this form (which is not always
possible in general, but our goal will be to show it can be ensured by passing to
a finite-index subgroup a given I'). The following proposition follows from the
argument of [30, Theorem 3.1]; see also [14, Lem. 2.6].
Proposition 5. Let G be an connected, reductive algebraic Q-group with K < G(R)
a maximal compact subgroup. Fix an arithmetic subgroup I' < G(Z), and let
G1,Gy < G be connected, reductive Q-subgroups. There exists a finite-index sub-
group " <T so that if y €T’ and Go(R)yNKG{(R) # &, then y € Go(C)G(C).
From the above, we see that if yX; N X, # &, then GL,(R)y N KG;(R) #@.
By Proposition 5, after replacing I' by a finite-index subgroup, we can ensure
that if y € I(I'), then y € G,(C)G1(C). We strengthen this with the following
proposition.
Proposition 6. Fix G, Gy, G, and T as above. Assume that G; N G, = {Id}. For
y €L, ify € G2(C)G1(C), then y € G2(Q)G1(Q).
Remark 7. Note that if X; N X, = @ and y = g2g1 € G2(Q)G1(Q), then
also yX; N X, = & by the computation in (2.2). Thus, as a consequence of
Proposition 6 and the above discussion, if X; and X, are disjoint, then there exists
finite index I' < G(Z) so that the quotient submanifolds Y7, Y, are disjoint in Y.
This observation will be used in §3.3 to produce linearly independent cycles.

Proof of Proposition 6. We are given y = hyhy with h; € G;(C). To show that ; €
G;(Q) we show that h;o (h;) = e for every o € Gal(C/Q). Given o € Gal(C/Q),
since o (y) = y, we conclude that
hio(hy)™! = hy o (hy).
This equality implies
hio(h)™" € G1(C) N G1(C).
which is trivial assumption. Hence 41 = o(h1) and similarly 4, = o (h3). O

In summary, we have shown that y € I(I") can be expressed as y = g,g; with
gi € Gi(Q).
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Eliminating intersections. Assume I" satisfies the hypothesis of Proposition 5 and
hence the conclusion of Proposition 6. Write I+ (T") for the subset of y € I(T") for
which the intersection yX; N X» is positive. We finish this section with two easy
lemmas that we will use to prove Theorem 1 in §3.

Lemma 8. Take ' as in the preceding paragraph. Let T' < T be a finite-index
subgroup. If T N Ty = & for every y € I(I')\I 1 (T), then for every y' € T’
Jor which y' X1 N X5 # @, the sign of the intersection is positive.

Proof. Denoting I'/ = IV N I';, there is a map
Q' = T)\I"/T, — DL\[/T = Q

induced by the inclusion TV < T'. Fixing )’ as in the statement, by assumption
[Ly'Ty = Toyly, where y € I1T(I'). By Lemma 4, the sign of the intersection
¥’ X1 N X, is the sign of yX; N X5, which is positive since y € I 1(T). O

Lemma 9. Suppose that T' <1 T is a normal subgroup. Fixy € T and Ty, T, < T.
Then T/ N Tyl # D ifand only if T'y NTLT'; # @.

Proof. The proof is straightforward. If y' = y,yy; with ' € I'" and y; € Iy, then

it =)y = rnes 0D )y

Equivalently, y5 'y7! = (51 (y")"'y2)y, which implies that 'y N T,y # @. The
other direction is similar. O

3. Geometric cycles for I' < SO(p, q)

In this section we prove Theorem 1. Fix 1 < p < g and A C R?%9 as in the
statement of the theorem. Let B be the matrix for the bilinear form on A with respect
to some basis, and consider the algebraic Q-group

G =SO(B) = {g € SL,4+4(C) : ¢'Bg = B}. 3.1)

Setting I' = G(Z) = SO(A), we split the proof of the theorem into proving two
statements:

(a) Up to replacing I' by a finite-index subgroup, H,(I"; Q) is nonzero.

(b) Givenn > 1, wecanreplace I" by a finite-index subgroup so thatdim H,(I'; Q) > n.
In §3.1, we define algebraic groups G1, G, so that G (R) = SO(1, 1)? and G»(R) =
SO(p,q — 1), and we verify that the conditions of (1) from §2 can be satisfied for
a good choice of G1, G, < G. In §3.2, we show that we can choose I' < G(Z) so

that (1) is also satisfied. Together these prove (a). In §3.3 we prove (b) by showing
how to produce many linearly independent flat cycles.
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3.1. Choosing G1,G2 < G. LetV = A ®z R.

We choose G as a maximal R-split torus contained in the centralizer of a
hyper-regular element t € G(Z), in the sense of Prasad—Raghunathan [35]. The
group G is defined and anisotropic over Q (i.e. G; does not contain any nontrivial
Q-split torus, which implies that G;(R)/G(Z) is compact). One can take T to
preserve a decomposition V = U @ U~ defined over Q with U+ negative definite of
dimension ¢ — p and such that the action of 7 on U is irreducible and has 2 p distinct
real eigenvalues occurring in (A, 1/A4) pairs (irreducible implies in particular that the
eigenvectors of 7 are not defined over Q). See below for a concrete example.

For G, we fix A € A with 1 - A < 0 and define G, =~ SO(B’), where B’ is the
restriction of B to A. This group includes into G(B) in an obvious way, acting
trivially on (A).

Our groups have real points G(R) =~ SO(p, ¢), G1(R) = SO(1, 1)? =~ (R*)?,

and G(R) =~ SO(p,q — 1). The associated symmetric spaces X, X;, X, have
dimensions pq, p, p(q — 1), respectively.
Example. We give an explicit example of the group G; for SO(2,2) by an ad
hoc construction. Consider the number field F = Q(«), where « is a root of
t* —12¢3 +23t2 — 12t + 1. The elements « and %(160{3 — 180 + 2330 — 12) are
units in @ and act on O == Z* by the matrices

-1 0 0 -7 -7 —-16 —-12 -9
" = 2 0 0 13 and T, = 14 28 20 15

-3 1 0 =22 -9 —-17 -12 -10

2 01 13 2 4 3 3

These matrices preserve the bilinear form with matrix

6 2 2 19

2 0 1 12
B = 2 1 0 1/

19 12 1 0

which has signature (2,2) and is unimodular (det B = 1). Let G; < SO(B) be
the centralizer of 7;. Since 77 has 4-distinct real eigenvalues (none with norm 1),
G1(R) = SO(1, 1)? is a maximal torus in SO(B)(R). Furthermore, G is Q-aniso-
tropic because the eigenvectors of t; are not defined over Q. Note that G{(Z) <
G1(R) is cocompact since it contains (ty,7,) = Z2. This construction can also
be used to give examples in SO(2,¢q) for ¢ > 2 by taking the direct sum with a
negative definite form and extending by the identity. In this case, the R-points of the
centralizer of 7; is SO(1, 1)? x SO(¢g — p).

Generic pairs G1, G2. We return to the general setup G1,G, < G = SO(B).
We want to choose G, G5 so that X1 N X, = {0} is a single point. This leads us
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to define a notion of generic pairs G1, G2, which will be useful at various points.
We say that G1, G, are generic if G; N G, = {Id}. We interpret this condition as
an equality of algebraic groups from the “functor of points” point-of-view, so that
G1(F)N G2 (F) = {1d} for each field extension F/Q. In particular, we will use this
for F = Q,R,Q,.

For example, G1(R) N G(R) = {Id} implies that the intersection X; N X is
transverse, i.e. either a point or the empty set (it’s empty if there is no maximal
compact subgroup of G(R) that intersects both G;(R) and G,(R) in respective
maximal compact subgroups). To see this implication, suppose thatdim X; N X, > 1.
Without loss of generality we assume 0 € X; N X5. Then dim(7T,X; N T, X3) > 1
implies that dim(g; N g>) > 1, where g; is the Lie algebra of G;(R). Finally, this
implies that dim(G1(R) N G»(R)) > 1.

The following proposition gives a sufficient condition for G, G to be generic.
To state it, consider the action of G(Q) on Vg = A ®z Q. The group G,(Q)
preserves a subspace U of signature (p, p) and acts trivially on U~. The group
G»(Q) preserves A+ C Vg and acts trivially on (1).

Proposition 10. Take G1,G, < G and take U, (L) C Vg as in the preceding
paragraph. If A ¢ UL, then G, G, are generic.

Proof. First we set some notation. Let T € G(Z) be the hyper-regular element used
to define G1. Let Vg = U @ U~ the decomposition preserved by t, where U+ is
negative-definite of dimension ¢ — p and 7 acts irreducibly on U. Let A € A be the
vector used to define G,. Observe that G, can be described in terms of a centralizer:
let € € GL,14(Q) be the automorphism of Vg that fixes A and acts as —1 on its
orthogonal complement. Then G, is the subgroup of the centralizer of € in G(Q)
that acts trivially on {A).

For an extension F/Q, we denote C;(F), Cc(F) the centralizers of T and € in
the (vector) space of (p + ¢) x (p + ¢) matrices over F.

Claim. If a € C;(Q)NC(Q), then a acts as on U by multiplication by a scalar x € Q.

Proof of the claim. Since €(A) = A and a commutes with €, A is an eigenvector of a,
ie.a(l) = xA forsome x € Q. Writte A = u 4+ v € U @ UL. We know u # 0
because we're assuming A ¢ U-L. Also a preserves U~ because t\U L =Idand a
commutes with 7. Then a also preserves U = (UL)L. Then

xu+xv=xu+v)=alu+v) =alu)+a()
implies that u and v are both eigenvectors for a with eigenvalue x. In addition
a(tr' () = 7' (a(w)) = xt' ()

so 7! (u) is also an eigenvector for a with eigenvalue x for each i € Z. Since u € U
and t acts irreducibly on U, this implies that a acts on U by multiplication by x.
This proves the claim. O
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Using the claim, it follows that if F/Q is an extension thenany a € C.(F)NC¢(F)
acts on U ® F by a scalar x € F. This is because the conditions at = 7a and
ae = €a give a system of linear equations defined over Q, so the set of solutions is
described independently of the field.

Now we finish the proof of the proposition by showing that G (F)NG,(F) = {Id}
for any field extension F/Q. Since

G1(F) N Ga(F) C Co(F) N Ce(F),

any a € G1(F) N Go(F) acts on U ® F by multiplication by a scalar x € F. But
since a acts by an isometry, x2 = 1sox = +1. To show a = Id we want to
show x = 1 (we already know that a acts as Id on U+ since a € G;(F)). Since
a € Ga(F),a(A) = A. Writing A = u + v as before, then

u+v=A=a) =a)+al) =xu+v.
Since u # 0, this implies x = 1. This completes the proof. O

Note that the hypothesis A ¢ U~ is automatically satisfied when p = ¢ since
then UL = 0. In addition, given G and G,, we can replace A with A’ so that the
rational lines are (A') and (A) are arbitrarily close and G, G} are generic.

3.2. Eliminating intersections. In this section we start with G1, G, generic with
X1 N X, = {o} and with ' < G(Z) that preserves orientation on X and so that
I'; = G; N T preserves orientation on X; and X. We’ve already explained why this
is possible. Here we show that we can find finite-index I’ < T so that if y’ € I'" and
Y’ X1 N X2 # @, theny’ € Gf (R)G (R). This will prove that I satisfies (f) and
finish part (a) of our proof of Theorem 1.

Orientations and spinor norm. Recall that Gi'" (R) < G;(R) denotes the subgroup
that preserves orientation on X; and on X. We explain how to determine these groups
in our situation. For this, the spinor norm plays an important role.

Let F/Q be a field extension (we will only use F = Q,R, Q). Then G(F) isa
group of orthogonal transformations of the quadratic space VF = A ®z F', and the
spinor norm O : G(F) — F*/(F*)? is a homomorphism, defined as follows. Any
g € G(F) can be expressed as a product of reflections g = R*! --- R** where R*
denotes the reflection about the orthogonal complement of x € V. Then one defines

k
Or(g) = l_[ x; - x; mod (F*)?,
i=1
which is well-defined independent of the choice of reflections. For more information,
see [34, §55] and also [30, §4].

In particular, G(R) = SO(p, g) has two components, detected by the spinor norm
0: G(R) — R*/(R*)2.
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Lemma 11. Let G = SO(B) with G(R) = SO(p, q). If p + q is even, then G(R)
preserves the orientation on X = G(R)/K. If p + q is odd, then the orientation
preserving subgroup of G(R) is the kernel of the spinor norm homomorphism.

From the lemma, it follows that G, (R) = SO(p, g—1) preserves orientation on X
if p 4 ¢ is odd and preserves orientation on X if p + ¢ is even. Hence g € G;’ R)
if and only if 8(g) = 1. Lemma 11 is easy to check; its proof is similar to the proof
of the following lemma, whose proof we give.

Lemma 12. The group G1(R) preserves orientation on X1. If p + q is even,
then G1(R) preserves orientation on X1. If p + q is odd, then g € G1(R) preserves
orientation on X if and only if 0(g) = 1.

Proof. Whether or not g € G1(R) preserves orientation on X; or X depends only
on the component of g € G1(R) = (R*)?. Thus it suffices to consider the action of
elements of G (R) N K = {£1}”. This allows one to reduce to the tangent space at
the basepoint o € X, where the action of K is the adjoint action.

The Lie algebra of G(R) decomposes g = € @ p, where £ is the Lie algebra of K
and p = T,X. We identify G(R) with the group of isometries of R?*¢ with respect
to the form whose matrix in the basis (e1,...,ep, f1,..., fg) is

Id, 0
0 —Id,)°

We choose K =~ S(O(p) x O(g)) to be the obvious block diagonal subgroup. We
can identify p with p x ¢ matrices M, 4. The adjoint action of

(* 4,) €& =50 x0@) on

is given by A > k1 Ak5 .
Up to conjugation in G(R), we can choose G so that

P
Gi1(R) = [ [ SO (R{e:. fi}).
i=1
Then G1(R) N K =~ {£1}? is generated by maps &, where §; acts by —Id
on R{eg, fi} and by Id on R{eg, fi}*. The subspace T,X; C T,X is identified
with the diagonal matrices in M, ; = T, X (i.e. matrices with a;; = 0 fori # j).
Now one computes: the adjoint action of §; on M, , is given by

—a;i 1 =k or j = k but not both,

(aij) = (bij), where b;j = it / "
ajj  else.

Thus the determinant of §; acting on M, , = T,X is (—1)?*972, and the action on

T, X1 = (diagonal matrices) is by the identity. This lemma follows directly from this

computation. O
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As a consequence of Lemmas 11 and 12 we immediately obtain:
Corollary 13. Fix y € T" with yX; N X, 75 . Ify = g2g1 € G2(R)G1(R) with
0(g2) = 0(g1) = 1, then the intersection yX1 N X, is positive.

Eliminating intersections. The final step in the proof of part (a) of Theorem 1 is
the following proposition.
Proposition 14. Fix I" as above. There exists a finite-index normal subgroup T" <1 T
so that T" N ToyTy = @ for every y € I(D)\IT(I).

By Proposition 14, after replacing I" by I'/, every intersection yX; N X, has a
positive sign by Lemma 8.

Proof of Proposition 14. Foraprime p, consider G;(Z ), and define G?(Z ) C G; (Z )
the subgroup on which the p-adic spinor norm is trivial. By [30, §4, Cor. 1] after
replacing I" by a finite-index subgroup, we can assume that @ is trivial on I" (and
hence also on I'1, I'; < I'). In particular,

IaT1 C GY(Z,)GY(Z,p)

for each p.

Recall (c.f. Lemma 6) that for each y € I(I"), we can write y = g,g; with
gi € G;(Q). This expression is unique because G1, G, are generic. Since f(y) = 1,
we have

0(g2) = 0(g1) € R*/(R¥)?.

Consider the subset {y1, ..., ym} C I(I') of those y; for which y; = g ;g1,; with
6(g2,;) # 1. Note that {y1, ..., ym} contains the complement of I+ (T"). To prove
the proposition, we will find I'" <t I" so that " N I',y; Ty = @ for each ;.

For each j, there exists a prime p; so that 6, (g2,;) # 1, where

0p;:G(Qp)) > Q;,/(Q},)?
is the p-adic spinor norm (i.e. if x € Q is not a square, then there exists a prime p
so that x is not a square in Q). For each j, there exists n; so that
F(ij)yj n Gg(Zp_,-)G?(ij) =9.

To see this, note that the groups Glp (Zp,) are compact in G(Qp) and hence so
too is their product. Thus since 6, ;(g2,;) # 1, the element y; is not contained in
G (Zp; )G?(ij ) (again using that G, G, is generic so the expressiony; = g2 ; 81,/
is unique), and so there is a p-adic neighborhood I"( p;fj ) of y; that is disjoint from
GY(Zp,)GY(Zp,). A similar argument appears in [2, §8].

Consider I'" = (" I'( pj-j ). For each j, by construction

I'y; NGY(Zp, )G (Zp,) =D .

This implies that I"y; N T,y = @ since [Ty € GY(Zp,)GY(Zp,). By Lemma 9
we conclude that IV N ', y; 'y = @. This completes the proof. O
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3.3. Arrangements of flats and proof of Theorem 1(b). So far, we’ve shown that
we can find Gy and I" < G(Z) so that the associated cycle [Y1] € H,(Y') is nontrivial.
Here we show that given n > 1, we can find Gll, ...,GY and I" < G(Z) so that the
associated cycles [Y}'], ..., [Y]'] € H,(Y) are linearly independent. We will assume
2 < p <gq. Thecase p =1 (i.e. X is hyperbolic space) is easy.

The argument will mostly take place in the symmetric space X. For this reason
we change our notation slightly, denoting maximal flats (previously X;) by F C X
and “hyperplanes” (previously X,) by H C X. (Calling H an hyperplane is mis-
leading since its codimension is p. However, H is the group preserving a hyperplane
P C V, soin that sense the name is perhaps reasonable.)

Our approach is as follows.

(1) For each n > 1, we find collections {F;} and {H;}}] of flats and hyperplanes
in X so that the intersection matrix (F; - H;) is invertible. The groups Gf,,Gg,
(the analogues of G, G, before) will be defined over R, but not necessarily defined
over Q.

(2) We explain why we can perturb { F; } (resp. { H; }) so that they descend to compact
(resp. properly embedded) submanifolds F;, H; of Y = I'\ X for some I". The proof
of part (a) of Theorem 1 will then allow us to replace I" by a finite-index subgroup
so that the intersection matrix (F; - H ) is invertible. From this we conclude that the
cycles [F1], ..., [Fy] are linearly independent.

Before we carry out this plan, we describe X in terms of a Grassmannian, and
explain when a hyperplane and a flat intersect transversely.

For much of this section, the integral structure A C V' will not play a role, so we
will identify V' =~ R#:¢ with standard basis of orthogonal vectors

Rp’q:(61,...,€p,f1,...,fq)

withe; -e; = land f; - fj = —1.

Flats, hyperplanes, and the Grassmannian of positive p-planes. Define Gr, (V)
to be the space of p-dimensional subspaces of V' on which the form is positive
definite, topologized as a subspace of the Grassmannian. The Lie group SO(V') acts
transitively on Gr, (V') with stabilizer a maximal compact, so the symmetric space
X = SO(V)/K is isomorphic to Gr, (V).

Given a decomposition V = P & L, where L is a negative line, we define a
“hyperplane”

H={WeGr,(V): W C P}.

Given a decomposition V = U; @ --- ® U, & N, where U; =~ R!! and N is
negative-definite, we define a flat

F={WeGr,(V):W=a’_ WnuU}
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As a sanity check, one can see that FF =~ R? as follows. If W € F, then W N U;
is a positive line for each i. The space of positive lines in R*! is homeomorphic
to R. As one varies the choice of W N U; for each i, one gets a subspace of Gr, (1)
homeomorphic to R?.

The following lemma characterizes when H and F intersect and when that
intersection is transverse. Its proof is easy.
Lemmals. LetV =P @ LandV =U1 ®--- ® U, ® N be two decompositions
as above, and let H and F be the associated hyperplane and flat.

@) If P N U; does not contain a positive line for some i, then H N F = &.
(ii) If PNU; is equal to a positive line for each i, then H and F intersect transversely
in a single point.
(iii) If P N U; contains a positive line for every i, and P N U; = U; for some j,
thendimH N F > 1.

In the setup of Proposition 10, the condition A ¢ U~ and the assumption that t
acts irreducibly on U implies that when one considers the t-invariant decomposition
U®R = U; &--- @ Up, then the projection of A to each U; is nonzero; thus
P N Uj; is a proper subspace of U; for each i. Consequently, the condition A ¢ U~
in Proposition 10 corresponds to cases (i) and (ii) in Lemma 15.

A good arrangement. Foreachn > 1, we construct a sequence of hyperplanes { Hg }7_,
and flats { Fy }7 _, defined over R so that the intersection matrix (Hy - Fy ) is invertible.
To begin, let Fy be the flat corresponding to

RPT = (e1, f1) @+ ® (ep. fp) ® (fpt1.---. Jo) = U1 D ---®Up & N.

Next we define a hyperplane Hy. First let ¢p: R”>¢ — R?+ be an automorphism that
acts by the identity on (e, f1)*, and whose restriction to (e, f;) expands {(e; + f1)
and contracts (e; — f1). For each m > 0, define a,,, b, by

¢ (e1) = am e1 + bm f1.
Then
¢m(f1) = bpe; +amf1-

We will also use the shorthand e’ := ¢™(e1) and f|" := ¢™(f1). By definition,

- b2 = 1 for each m (hence a,, > b,,), and a,,,b,, — o0 and "’” -1
as m — oo. Fix m > 0 (to be chosen later, depending on n). Let HO be the
hyperplane defined by the decomposition R?¢ = P & L, where

L=(fi"+ fo+-+ L),

and

P :LJ_: <e’1nseZy--'aepvflm_f25f2_f3"'-afp—1_fp’fp-f—l"--’fq)'
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Define flats F for k > 1 by rotating Fy as follows. Fix —1 < 6 < 0 (to be chosen
later, depending on n). Let r:R?¢ — RP4 be the rotation that is the identity on
(e1,ea, f1, f»)* and restricts to each of (e, e,) and ( fi, f») as a counter-clockwise
rotation of angle 8. Note r € SO(p) x SO(g) (note also that to define r we have
used p,q > 2). Foreach k > 1, define Fy = rk(FO).

Lemma 16 (Intersection pattern). The intersection Hy N Fy is nonempty. Fork > 1,
if

— (am + bm) < tan(k0) < —(am — bm), (3.2)
then Hy N Fj, = @.

Before we prove Lemma 16, we show that it allows us to find a desired arrangement
of Hy, Fy.

Observe that for each n > 1, we can choose m > 0 and —% <K 0 < 0so
that (3.2)istrue fork = 1,...,n. Thusfork = 0,...,n, we have Hy N F, # @ if
and only if k = 0. Now define H; = r(Hy). If k > £, then

HNF#2 < rY(H)Nr*(F)) #@ & Honr*YF) 4@ < k=LC.

Consequently, the intersection matrix (Hy - Fy) is lower triangular with 1’s on the
diagonal. This matrix is invertible, as desired.

Proof of Lemma 16. The first statement is easy: the intersection of Hy and Fj is the
p-plane W = (e, ... ep).
Now we prove the second statement. The flat Fj, corresponds to the decomposition

R =UrkaUroUso---aU,® N,

where Uik = rk(U;) ¢ RP4 fori = 1,2. Note for i = 1,2 that Uik is spanned
by r¥(e;), r* (/) and

r*(e1) = cos(k@)e; + sin(kf)e, and r¥(e;) = —sin(kO)e; + cos(kb)e,,

and the same formulas hold when ey, e, are replaced by f1, f>.
We will compute P N U lk and see under what conditions the intersection is a
positive line. If v e P NU k, then we can write

v = Ai(amer + by f1) + Azez + Bi(bper + am f1 — f2)
+ Azes + -+ Apep + Ba(fo— f3) + -+ Bp1(fp—1— fp)
+ Bpi1fpr1+--+ By fy (33)

and also

v = X(cos(k)ey + sin(kf)ez) + Y (cos(k0) fi + sin(k6) f2). (3.4
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Since the coefficientsones, ... ,epand f3,..., f;arezeroin (3.4), 4; = Ofori >3
and B; = 0 for j > 2. Then setting equations (3.3) and (3.4) equal (and changing
notation on the coefficients slightly),

(Aam + Bby)er + (Aby + Bay) fi + Cez — Bf>
= X cos(kf)e; + Y cos(k0) f1 + X sin(kB)ep + Y sin(k6) f.

We can simplify the corresponding system of equations to
X cos(k@)by + Y sin(k0)b2, = Y cos(kO)an + Y sin(kf)a?,,

so that .
X = [a—’" + b—tan(k@)] Y.

bm ~ bm

We want to know if X2 — Y2 is positive or negative. Since

Y2 _y2?— ([Z_m n tanb(kO):|2 B 1)Y2’

this is nonpositive if and only if

an, tan(k6)
-1 < =
= + b,

This inequality is equivalent to (3.2). If it holds, then Hy N F = & by Lemma 15.
This completes the proof. O

<1

Cocompact flats and rational hyperplanes. Now we explain how any flat/hyperplane
in X can be perturbed to one that descends to a properly immersed submanifold of
Y = I'\X. This will allow us to perturb the arrangement constructed above to an
arrangement that descends to Y.

Rational hyperplanes We say a hyperplane H C X is rational or defined over Q
if the line L in the corresponding decomposition V' = P @ L is defined over Q
(equivalently, L is spanned by an integral vector A € A). In this case, the subgroup
of Gy that preserves the decomposition P @ L is defined over Q. Furthermore,
since the G(Q) orbit of a negative rational line is dense in the space of all negative
lines in V', any hyperplane H C X can be approximated by a rational hyperplane
(one way to say this: for any neighborhood €2 of 0H in the visual boundary 90X, there
exists a rational hyperplane H' so that 0H' C Q).

Rationalflats Wesay aflat F C X is rational if its stabilizer is defined over Q. In this
case, it descends to a properly embedded submanifold of Y = X /T by [38, Thm. D],
c.f. Theorem 3. The condition that F' is rational is not enough for the quotient in ¥
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to be compact. However, as discussed in §3.1, by [35] there exists T € G(Z) whose
centralizer C;(R) is a Cartan subgroup and C;(R)/(I" N C;(R)) is compact. The
element t will preserve some decomposition

RP4 = Uy @ - ® Uy p @ Ny.

The G(Q) orbit of (U, ...,Usp) in the space of all p-tuples (Uy,...,U,) of
orthogonal subspaces U; == R1:! <> R?+ is dense (because G (R) acts transitively on
such tuples and G(Q) C G(R) is dense). Thus any flat F/ C X can be approximated
by a rational flat F”’ that is compact in the quotient X /T.

In summary, to prove part (b) of Theorem 1, given n > 1, we start with the
arrangement { F }' and { H;}"| of flats and hyperplanes in X with the lower-triangular
intersection pattern. Let Fy and H, be the images of these submanifoldsinY = X/T.
First we perturb to get a new arrangement of rational flats and hyperplanes with the
same intersection pattern so that each Fy, is compact and each Hy is properly immersed
in Y. By replacing I" by a finite-index subgroup, we can ensure that F, and H, are
oriented, embedded submanifolds (Theorem 3). Next we apply Proposition 6 to each
pair (F, Hy) (and the corresponding subgroups Gr, ,Gy, < G) to conclude that
after replacing I by yet another finite-index subgroup, we can ensure that every
y € I(T") belongs to Gf, (Q)G g, (Q). Then by Remark 7, H; and Fy intersect if
and only if Hy and Fj intersect, i.e. the intersection matrix (I-_Ig . Fk) is also lower-
triangular. Finally, we can pass to a further finite-index subgroup so that the diagonal
entries in the intersection matrix are all positive by the argument of §3.2. Therefore,
(Hy - Fy) is invertible, which implies that the homology classes [Fy], ..., [Fy,] are
linearly independent in H, (Y ; Q). This proves part (b) of Theorem 1.

4. Vector bundles with arithmetic structure group

By Corollary 2, the classes produced in Theorem 1 give rise to characteristic classes
of manifold bundles W, — E — B with fiber W, = #, (S x §2K). In this section
we explain what these characteristic classes measure. This gives a new perspective
on the Millson—Raghunathan construction. This will play a role in §5.

Before we begin, we recall the classification of lattices A C R? +49 with integral,
unimodular, indefinite bilinear form; see e.g. [31, Ch. II, §4]. This classification is
not strictly needed for what follows, but it is helpful to have these examples in mind.
If the form is odd, then there exists a basis for A, with respect to which the form has

matrix B 4, where
1
Bp,qz(p —I)' 4.1)
q
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If the form on A is even, then ¢ = p + 8¢ for some £ > 0 and A is isomorphic to

H®P @ (—Eg)®¢, where
(0,

and FEj is the unique positive-definite, even, unimodular lattice of rank 8.

4.1. Vector bundles with structure group SO(A) < SO(p,¢q). Fix1 < p <g¢q
andsetn = p-+q. Fixalattice A = Z" with an integral, unimodular bilinear form of
signature (p, ¢). Fix a primitive vector A € A suchthatA-A < 0. SetV = A ®z R.
The goal of this section is to construct a characteristic class ¢y € H?(BI'; Q) for
certain ' < SO(A) and show that ¢ is dual to a geometric cycle [Y>] as in §3.

Let W — B be aoriented, real vector bundle with rank n. Let W}, denote the fiber
over b € B. Assume that the structure group reduces from GL™ (1) to SO(V'). This
is equivalent to the existence of a fiberwise bilinear form 8 = {8}, p of signature
(p, q). We can always reduce the structure group from SO(V) to its maximal compact
subgroup

K = S(0(p) x O(g))

(because they are homotopy equivalent and so are their classifying spaces). Such
a reduction defines a decomposition W =~ U @ U+, where U = J,c3 U is a
rank- p subbundle and B: Up x Up — R is positive definite for each b. Conversely,
any positive rank- p subbundle U C W defines a reduction of the structure group to
S(O(p) x O(q)). The structure group of W — B reduces to SO(A) if and only if
there exists a fiberwise lattice

A= JA,cw.
beB

where Ay (with its from ) is isometric to A for each b € B.

Definition. Fix A,V and A € A and a bundle W — B with structure group SO(A)
as above. We say that a positive rank-p subbundle U C W is orthogonal to A
at b € B if there exists an isometry ¢: A — Ap so that Uy C ¢p(A)*=. IfU C W is
not orthogonal to A at any b € B, then we say U is nowhere orthogonal to A.

The characteristic class we define will be an obstruction to finding U C W thatis
nowhere orthogonal to A. We translate the problem of finding U to a problem about
finding a section of an associated bundle.

Set 1 = m1(B). Let p:m — SO(A) be the monodromy of W — B. The
symmetric space X = K\ SO(V) is homeomorphic to the Grassmannian

Grp(V) = {V' C V : V'is positive definite and dim V' = p}

because SO(V') acts transitively on Gr, (V') and the stabilizer of a point is isomorphic
to a maximal compact subgroup K C SO(V).
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The group 7 acts on X = Gr, (V) via the monodromy p. For a space Z with a
m-action, we denote the Borel construction

BxZ
Z = ,
)=

where 7 acts on the universal cover B by deck transformations and & acts on Z by
the given mr-action, and the quotient is by the diagonal action. For any such Z, there
is a fibration Z J/ m — x J/ m = B with fiber Z.

Observe that for W — B with monodromy p: 7 — SO(A), a section of the
associated bundle X / m — B is equivalent to a positive rank-p subbundle U C W.

Let H; = {V' € Grp(V) : V' C A*+} C X. This is the sub-symmetric space
corresponding to the subgroup SO(A+) < SO(V). The codimension of Hj in X
is p.

By [38, Thm. D], there exists a torsion-free, finite-index subgroup I') < SO(A)
so that the I'y-orbit of H is embedded and admits a I"-invariant orientation. (The
group I') is not uniquely defined by these properties, e.g. for every prime £, there
exists m > 0 so that the congruence subgroup ker [ SO(A) — SO(A/Z"‘A)] satisfies
these properties. The construction below works for any choice of T';.)

Fix a finite index subgroup I' < I'y, and let H r be the I'-orbit of H) in X. By
replacing B by a finite cover, we can ensure that p(r) < I'. Set Xo = X \ H r
and consider the bundle Xy / ¥ — B. If W — B has a positive rank-p subbundle
U C W that is nowhere orthogonal to A, then X / 7 — B has a continuous section.
Now we can use obstruction theory to extract a characteristic class from this situation.
For this, we need to know the first nontrivial homotopy group of Xj.

Lemma 17. Fixk > 0. If k < p — 2, then w3 (Xo) = 0. Furthermore,

JTp_l(X()) = @ Z.

mwo(Hy, 1)

Proof. First assume k < p — 2. We show any map S¥ — X, is homotopically
trivial. Since X = R”7 is contractible, we obtain a diagram

Sk—l>X0

f j l (4.3)

Dk+1 — X

Without loss of generality we may assume that i and j are smooth and j is transverse
to H) r. Since k + 1 < p — 1 and the codimension of H, r is p, if D is transverse
to Hy r,then D N Hy r = &, which shows i is homotopically trivial in Xj.

By the Hurewicz theorem,

7p—1(Xo) = Hp—1(Xo).
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Define a homomorphism

¢:7p-1(Xo) = Hpr(Xo) > P Z
mo(Hy, 1)

as follows. Choose an orientation on each component of H r. Giveni: S? -1 5 X,
extend to D? — X transverse to /1) r, and compute the algebraic intersection of D?
with each component of Hj r.

The map ¢ is obviously surjective: for each component of H) 1, one can choose
a (p — 1)-sphere in its link, and the image of these generate @no( Hy 1) Z. For
injectivity, it is well known that if D, H are oriented submanifolds of an oriented
manifold X that intersect transversely in a finite collection of points and their algebraic
intersection number is 0, then D can be replaced by a homologous submanifold D’
with 9D = 9D’ so that D’ N H = @. This shows that if [S?~! — X,] is in the
kernel of ¢, then [S?~! — Xo] = 0in H,—1(Xo). O

Applying obstruction theory (see e.g. [11, Ch. 7]), we can try to build a section
of Xo / @ — B. Assume that B is a CW complex. We start by choosing a section
over the O-skeleton of B and work our way up inductively defining a section on the
k-skeleton for k < p — 1 using the fact that 73 _1(Xo) = 0 for k < p — 1. Once we
reach the p-skeleton we meet the first measurable obstruction, which takes the form
of a cocycle

C,\y[‘(W) € H? (B, 7'[1,_1(X())).

If Cor(W) # 0, then Xp // mw — B has no continuous section, and so W — B
does not have a positive rank-p subbundle U that is nowhere orthogonal to A. This
is useful, but we are interested in a less-refined, Z-valued obstruction.

Since Hj r has a I'-invariant orientation, there is a preferred generator of each
coordinate of EB],O( Hy 1) Z.. We use this to define an augmentation map

@ 7 — 7.

wo(Hy, 1)

The augmentation map induces a map
H?(B:7p-1(Xo)) > H”(B: Z).

which sends C; r(W) toaclasscy r(W) € H?(B;Z).

Proposition 18. Fix A,V, A € A, and T';, < SO(A) as above. Let B be a CW
complex and let W — B be a vector bundle with structure group I' <T'y. If
car(W) #0in H?(B; Z), then W — B has no positive, rank- p subbundle U C W
that is nowhere orthogonal to A. Equivalently, for every positive, rank-p sub-
bundle U C W, there exists b € B so that U is orthogonal to A at b.
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Remark. If C, r = 0, then there exists of a section of Xy // 7 — B, but this does not
ensure that there exists U C W that is nowhere orthogonal to A since Xo = X \ H) r
is not the complement of the full orbit of H, under SO(A). Note also thatif ' C T,
then Hy r» C Hj r, so it is possible that C; r # 0 but C; v = 0 (and similarly
for cy r and c; ).

If B is aclosed, oriented p-manifold, then we can evaluate c) r (W) € H?(B; Z)
on the fundamental class to get an integer (cy r(W),[B]) € Z, which is computed
as follows. We have a diagram

X//JTLX/F

i/h u 4.4)

B

X

Here u is a section corresponding to a positive, rank-p subbundle U C W, and
the map p is the composition

X//nz%—)X/p(n)—)X/F

(the first map collapses collapses Btoa point). Let H 1 be theimage of Hy in X/ T".
By our choice of I'; and the assumption I' < Ty, the inclusion H AT — X/Tis
a proper embedding, c.f. [38, Thm.D]. Now tracing through the definitions, one
finds that (c; r(W),[B]) is equal to the algebraic intersection number of p o u(B)
with H, rin X/T.

Applying the above construction to the universal bundle over BI", we see that

cyr € HP(BT) =~ H?(X/T)

is dual to the cycle H 2.T'> which is a locally symmetric space for a nonuniform lattice
in SO(At) = SO(p,q — 1). In §3, we showed that there exists I' < T so that
[H, r] € H;lq_p (X/T) is nonzero. Then c; r is also nontrivial.

4.2. Vector bundles with structure group SL,(Z). The construction of the previ-
ous section can be repeated in other situations. Here we remark on a version for vector
bundles with structure group SL,(Z). We will use this in §5 to give an application
similar to Corollary 2 to odd-dimensional manifolds.

Fix the standard lattice Z" < R”". Let § = (P, L) denote be a pair of subspaces
of R” defined over QQ such that R” = P @ L and dim L = 1. For every such §, we
will associate a finite index subgroup I's < SL,(Z) and for every I' < I's we will
define a characteristic class csr € H n=1(BT; Z) for real vector bundles W — B
with structure group in I

Suppose W — B is a real oriented vector bundle of rank n. The structure group
reduces from GL;F (R) to SL,(Z) if and only if W admits a fiberwise lattice A.
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A reduction of the structure group from GL;l|r (R) to its maximal compact SO(n)
corresponds to a fiberwise inner product g on W.

Definition. Fix § = (P,L) and W — B and A C W as above. For a fiberwise
inner product B, we say that a (P, L) is B-orthogonal at b € B if there exists an
isomorphism ¢: (R”,Z") — (Wj, Ap) so that ¢(P) and ¢ (L) are orthogonal with
respect to Bp. If (P, L) is not B-orthogonal at any b € B, we say (P, L) is nowhere
B-orthogonal.

We can translate the problem of finding an inner product g so that (P, L) is
nowhere f-orthogonal to a problem of finding a section of an associated bundle. Let
X = S0(n)\ SL,(R). This symmetric space can be identified with the space of unit
volume inner products on R”. There is a bijective correspondence between fiberwise
inner products 8 on W — B and sections of X / 7 — B, where 7 = 71(B) acts
on X via the monodromy p: 7 — SL, (Z).

Consider the submanifold

Hjs = {inner products such that R” = P @ L is orthogonal} C X,

which is a sub-symmetric space for SL,,_; (R) x R. By [38, Thm. D], we can find
a torsion-free subgroup I's < SL,(Z) so that the [s-orbit of Hg in X is embedded
and has a I's-invariant orientation. Fix a finite-index subgroup I' < I's. Denote the
I" orbit of Hs in X by Hs r, and set Xo = X \ Hs,r. We replace B with a finite
cover so that the monodromy p: w — SL,,(Z) factors through T".

If W — B admits an inner product $ so that (P, L) is nowhere B-orthogonal,
then Xy / # — B admits a continuous section. Similar to Lemma 17, we compute

7k (Xo) =0

fork <n—3and
n—2(Xo) = @m)(Hs,r) z

Then there is an obstruction class Cs.r (W) € H" 1 (B; m,—2(Xo)), which maps to
aclass cs v (W) € H""1(B; Z) under the map induced by the augmentation

ay 7 — 7.
wo(Hs.r)

We summarize the above discussion with the following proposition.

Proposition 19. Fix§ = (P, L) and T's < SL,,(Z) as above. Let B be a CW complex
and let W — B be a vector bundle with structure group I' < T's. If cs 7(W) # 0
in H*"Y(B;Z), then W — B does not admit an inner product B so that (P, L) is
nowhere B-orthogonal. Equivalently, for every inner product B on W there exists
b € B so that (P, L) is B-orthogonal at b.
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The class

csr € H" ' (BT) = H" ' (X/T) = H(jz_n)/z(X/ I

is dual to the cycle

[Hs,r] € Hipo_y o (X/T)

represented by the image of Hg in X/ I". Compare with the discussion following (4.4).
By a theorem of Avramidi-Nguyen-Phan [2] for a subgroup I' < I's of sufficiently

large index, the homology class [Hs 1] € H(C;iZ—n)/z(X/ I'; Q) is nontrivial.

5. Applications to manifold bundles

In this section and the appendix, we give applications of Theorem 1.

5.1. 4-manifolds, K3 surfaces bundles, and the global Torelli theorem. Let M
be a closed oriented 4-manifold. As in the introduction, we use Az to denote
H,(M ; 7Z)/torsion with its intersection form. Assume that A s is indefinite, and
let (p, q) be the signature. Up to switching the orientation, we may assume p < q.
By Theorem 1, when p is odd, there exists a finite-index subgroup I' < SO(A 1) so
that H,(I"; Q) # 0.

Question 20. Does the image of H,(B Difft (M); Q) - H »(BI'; Q) intersect the
subspace spanned by flat cycles nontrivially?

One could ask a similar question for homeomorphisms or homotopy automor-
phisms. There does not seem to be a good reason for the answer to Question 20 to
be “Yes”, other than the evidence provided by Corollary 26 and Theorem 29 below.

Example. Fix 1 < p < ¢ and let
M = M, , = (#, CP*)#(#,CP?).

Then the form on A ps has matrix B, 4 (defined in (4.1)) and o: Diff (M) — O(A um)
is surjective if p 4+ g < 8 or p > 2. This follows from [44, Thm. 2]; which shows
that o is surjective when p + g < 8 or M = N#(5? x S?) is simply connected
and Qy is indefinite. Since

CP? #CP*#CP? = (S? x §?)#CP?

(see e.g. [39, pp.124,151]), the hypotheses of Wall’s theorem are true for M, ,
when p > 2. This gives many concrete examples to study Question 20.

One does not necessarily need to restrict to flat cycles. In particular, for M; 4,
the group O(A pz) is a nonuniform lattice in O(1, ¢). One easy source of homology
of finite-index subgroups I' C O(A ) are classes

[T] € Hq—l(Hq/F;Q) = Hq—l(F§Q)
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represented by a cusp cross-section 7 C H?/I". When H9/T has at least 2 cusps,
these classes are always nontrivial. Note that T is finitely covered by a flat torus,
but in contrast to flat cycles T < H9 /T is not an isometric embedding. Even so, it
would be interesting to understand the analogue of Question 20 for these homology
classes. Note that this question is most reasonable for ¢ < 10 since the image of « is
infinite index in O(A ps) when ¢ > 10 [15].

In the remainder of this section we study Question 20 in the case M is a K3 surface
(i.e. a smooth 4-manifold diffeomorphic to a K3 surface). Here the form on Ay
has matrix H®3 @ (—Eg)®? (the notation is explained in (4.2)). Then SO(A p) is a
lattice in SO(3, 19). We will be interested in the maps

H.(BDift" (M); Q) 2> H.(BmoDifi' (M); Q) => H.(BT;Q),  (5.1)

for I' < SO(A ). By Theorem 1, we can find I and z ## 0 € H3(BT; Q). We will
study whether or not z is in the image of ap and «; o 5.

Theorem 21. Let M be a smooth oriented 4-manifold diffeomorphic to a K3 surface.
There exists a finite-index subgroup Ty, < SO(A ) so that for each finite-index
subgroup I' < 'y, and for each i > 0, the map

oz Hi (Bro Diff" (M); Q) — H;(BT; Q)

is surjective.

Consequently, each flat cycle z # 0 € H3(BI';Q) is in the image of «,.
Theorem 21 is a corollary of the global Torelli theorem ([26] and [5, §12.K]) and can
be deduced from the discussion in [19].

Proof of Theorem 21. Let I'js be the image of Diff (M) — O(A pr). Itis known [28]
that "z is finite index in O(A ps). To prove the theorem, it suffices to show that the
surjection Diff (M) — T'ps splits over a finite-index subgroup I'},.

Let Ein(M) denote the space of unit-volume Einstein metrics on M, topologized
as a subspace of all Riemannian metrics on M. One defines the homotopy moduli
space
Ein(M) x E Diff(M)

Dift(M)
where E Diff(M) is the total space of the universal principal Diff(M) bundle over
B Diff(M). There is a composition of maps

MEgin(M) =

’

¢: Mpin(M) — BDiff(M) — BTy. (5.2)

As explained in [19, §4-5], the group 71 (MEi, (M)) is isomorphic to a finite-index
subgroup I'}, < T, and ¢ induces the inclusion on 7. O

The last assertion in the proof will be further explained below (as part of the proof
of Proposition 22).
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Remark. Since «; is surjective, any homology of alattice ' < SO(3, 19) in the stable
range is also in the image of «,. Switching to cohomology, the stable cohomology
can be described as the cohomology that is pulled back along the map

f:BI' > BSO(3,19) ~ BS(0O(3) x 0(19)) - B SO(3).
Compare with [19, §3]. Recall

H*(BSO(3): Q) = Q[p1l.

where p; € H* is the first Pontryagin class. According to the ranges in [8], f
induces an H;(—; Q)-isomorphism for i < 1. Unfortunately, this does not provide
nontrivial elements of H* (BT s; Q). (This is incorrectly quoted in [19, Prop. 3.6].)

Theorem 21 reduces Question 20 to studying the image of «;. The author does
not know of a single nontrivial class in the image of this map (or a single class that
is not in the image of this map). In studying o1, we will focus on a particular type of
flat cycle z.

SetV = Ay QR = Hy(M;R),andlet X = SO(V)/K be the symmetric space
for G = SO(V). As discussed in §4, there is a homeomorphism X =~ Gr3(V). A
vector § € A is called a root vector if § - § = —2. As in §4, consider

Hs ={V' €Gr3(V): V' cé§t} c X.

Fix aroot vector §, and choose a rational flat F C X that intersects Hg transversely.
(This can be done using the arguments of §3.3.) By the construction of Theorem 1,
there exists I' < I'}, so that F and Hj descend to homology cycles in ¥ = I'\ X
that pair nontrivially. In particular, we have a nonzero class zg € H3(BT'; Q).

Now we discuss whether or not zg € Im(a; o «¢3). One approach to this question
is to consider the map (5.2) from the proof of Theorem 21. For each finite-index
subgroup I' < T, define

T2 (M) x ET

F b
where ;) (M) is one of the two path components of 72 (M) (these components are
preserved by I'} ). If zg is in the image of

M (M) =

st Hy (ML, (M) — H3(BTu),

then zg € Im(ap o 7). Unfortunately, the following proposition shows that this
approach does not work. Nevertheless, we have an interesting Corollary 23.
Proposition 22. Let M be a K3 surface. Fix I' < Ty, and zo € H3(BT';Q) as
above. The class zq is not in the image of ¢«: Hy(ML (M); Q) — H3(BT;Q).
Corollary 23. If zo € H3(BT:;Q) is in the image of Hz(BDiftf' (M);Q) —
H3(BT'; Q), then there exists a K3 bundle over a 3-manifold that does not admit any
fiberwise Einstein metric.
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Of course it may be the case that z is not in the image of Hs(B Diff' (M); Q) —
H3(BT;Q), in which case the corollary is vacuously true. In this situation, there is
a different interesting corollary.

Corollary 24. Let M be a K3 surface. If there exists any flat cycle z € H3(BT'; Q)
is not in the image of H3(BDiff* (M);Q) — H;(BT;Q), then the surjection
Diff (M) — mo Dift (M) is not split.

Proof of Corollary 24. 1f a splitting exists, then
H. (B Diff' (M); Q) — H.(Bmo Diff" (M); Q)
would be surjective for every I' < I'ps. Combining this with by Theorem 21, then
H.(BDiff" (M); Q) — H.(BT;Q)

is also surjective for every I' < I'ps. This contradictions the assumption that some
flat cycle is not in the image of Hz(B Diff' (M); Q) — H3(BT; Q). O

Proof of Corollary 23. Suppose there is a class w € Hz(B Diff’ (M); Q) whose
image in H3(BI'; Q) is zo. Up to scaling, we can represent w by a map of a manifold

h: B3> — B Diff" (M).

The pullback of the universal bundle by % is a K3 bundle M — E — B. We claim
it has no fiberwise Einstein metric.

The homotopy moduli space Mg, (M) is a classifying space for K3 bundles with
a fiberwise Einstein metric, so E — B admits a fiberwise Einstein metric if and only
if & lifts to a map 5

h: B — ML (M).

No such lift can exist by Proposition 22. Thus £ — B has no fiberwise Einstein
metric. u

As remarked in Theorem 21, Giansiracusa [19, §4-5] proves that
T (Mein(M)) = Ty

We begin by explaining the proof of this fact, since it will be used to prove
Proposition 22. For this, we give a fuller description of the topology of Mg, (M),
which is illuminated by the global Torelli theorem. For details see [26], [5, §12.K],
and [19, §4-5]. In [19, §4.2], Giansiracusa shows that

Tein (M) X ET'y
Ty ’

Mein(M) = (5.3)

where Tgin (M) is the Teichmiiller space. By definition Jg;, (M) is the quotient

Ein(M)/ Diff; (M),
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where
Diff; (M) = ker [ Diff (M) — Ty].

Here the action of '3z on Jg;, (M) is induced from the action of Diff (M) on Ein(M)
(by pulling back metrics). The global Torelli theorem determines 7o (7gin (M )) and
the topology of each component:

* The space Tgi,(M ) has two homeomorphic components
Tein (M) = T (M) U Ty (M),
and they are permuted by the action of I'ys.

» LetI';, < I'p be the index-2 subgroup that preserves the components of T, (M ).
There is a I'},-equivariant homeomorphism between 7,2, (M) and a dense subspace
of X =SO(V)/K:
Ton(M) = X\ ] H;. (5.4)
SeEA

where A C A is the set of roots.

Using this description of Jgi, (M), it follows that 7 (Mg (M)) = Ffu by the
long exact sequence in homotopy associated to (5.3) together with the fact that the
subspaces Hs C X have codimension-3, so Jg;, (M) is simply connected.

Proof of Proposition 22. We have fixed a particular torsion-free subgroup I' < I'},
and a flat cycle zg € H3(BT';Q), and we wish to show z¢ is not in the image of
H3(Mgin(M); Q) — H3(BTI';Q). Recall that z¢ has the special property that it
pairs nontrivially with the image of a root hyperplane Hs in Y = I'\ X.

Suppose for a contradiction that there exists

w € H3(Mp,(M); Q)
whose image in H3(BT'; Q) is zg. Since I is torsion free,

T (M) x X

M (M) = B0

There is a diagram that commutes up to homotopy:

M, (M) — B Difft (M) BT
il
R RIY) LI N GE——

The map f; is a homotopy equivalence because I" acts freely on Tg;, (M) so fisa
fibration with contractible fiber = X. The map f; is the inclusion induced by (5.4).



32 B. Tshishiku CMH

The diagram commutes up to homotopy because the two compositions induce the
same map on 771 and BT is Eilenberg—Maclane space.

Let Hg be the image of Hs in '\ X, and let F be a totally geodesic submanifold
representing the flat cycle zo. By our choice of Hs and F, the algebraic intersection
F - Hy is nonzero. On the other hand, the existence of w implies, by the diagram
above, that there is a cycle

Z — T\Tg, (M) C T\X

that is homologous to F. Since the Z — TI'\ X factors through C\72 (M), the
image of Z is disjoint from Hg, which implies that

F-Hsy=Z7-Hs=0.
This is a contradiction, so the class w does not exist. O

Remark 25. In the Teichmiiller space 72 (M) C X, as one approaches one of the
subsets Hs C X, topologically there is an embedded sphere f:S? < M with
f+«[S?] = § that is being collapsed to a point [1]. The flat cycle F C T'\X in
the proof of Proposition 22 only lifts to T'\T;) (M) after finitely many points are
removed. From this, one obtains a K3-surface bundle over a 3-torus with finitely
many punctures (note F is finitely covered by T?3). One cannot extend the bundle
over the punctures without introducing singularities. The natural object that exists
over the torus with the punctures filled is a “singular” K3 bundle, i.e. it is a fiber
bundle away from finitely many points in the base, and at each point in this finite
collection, the fiber is the space obtained from a K3 surface by collapsing some
embedded 2-sphere (with self-intersection —2) a point.

5.2. 2-dimensional cycles and the Mather-Thurston theorem. To end this section,
we mention another example/application of our ideas.

Corollary 26. Let M be smooth manifold. Suppose that 7o Diff (M) is commen-
surable with SL3(Z). Then for each n > 1 there exists a finite-index subgroup
I' < SL3(Z) so that

dim H, (B Diff" (M); Q) > n.

In fact, as we will see in the proof, Corollary 26 remains true if B Diff! (M)
is replaced by the classifying space B Diff' (M)® of Diff" (M) with the discrete
topology. This is a stronger conclusion than in Corollary 2.

For manifolds satisfying the hypothesis of Corollary 26 one could consider

M = #3(S* x ST fork > 4,

c.f. [40, Thm. 13.3].
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Corollary 26 follows by applying the following two theorems. The first theorem,
due to Avramidi—-Nguyen-Phan [2], is analogous to Theorem 1. For a prime p and
£ > 1, denote the congruence subgroup

ker [ SLq(Z) — SL4(Z/p*7)]
by I's(p*).

Theorem 27 (Avramidi-Nguyen-Phan). Given a prime p and an integer n > 1,
there exists £y > 0 so that if { > Lo, then dim Hy_1(Tg(p%); Q) > n.

Like in Theorem 1, their homology comes from maximal flats in the associated
symmetric space. We will focus on the case d = 3, which is special because we can
use the following theorem.

Theorem 28 (Mather, Thurston [41]). Let M be a smooth closed manifold. The
group Diftg(M) of diffeomorphisms isotopic to the identity is a simple group.

Proof of Corollary 26. Denote Mod(M) := my Diff(M). The exact sequence
1 — Diftfo(M) — Diff(M) - Mod(M) — 1

gives a 5-term exact sequence in group homology

Hy(Diff(M)) % Hy(Mod(M)) — Hy(Diffo(M))y000ar)
— H;(Diff(M)) - Hy(Mod(M)) — 0.

By the Mather-Thurston theorem,
H(Diffo(M)) = Diffo(M)*® = 0
so ¢ is surjective. Since the obvious composition
BDiff(M)? — BDiff(M) — B Mod(M)
is induced by the quotient Diff(M) — Mod(M ), the map
H, (B Diff(M)) — H» (B Mod(M))
is also surjective. The same argument applies to Diff" (M). O

One could go further and try to extend the computations of [3] to the manifolds
M =#,(S k x S*+1y to show that the classes in Theorem 27 are in the image of

H.(BDift" (M); Q) — H.(BT:Q)

as in Theorem 29. For another example, one could look at the diffeomorphism groups
of handlebodies, i.e. boundary-connected-sums of DK 5 Sk for k > 4, c.f. [10].
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A. Lifting cycles from arithmetic groups to diffeomorphism groups
by Manuel Krannich

We denote by Diff (Wy) the topological group of orientation-preserving diffeomor-
phisms of the iterated connected sum

W, = 1%(S" x S™)

in the smooth topology. Fixing an embedded disc D?" C W, we also consider the
manifold
We1 = W\ int(D?")

and its group of diffeomorphisms Diff (W 1) fixing a neighborhood of the boundary
pointwise, which is related to Diff (W) by a map

Diffy(Wg,1) — Diff(Wg)
given by extending diffeomorphisms of W, ; C W, via the identity.

A.1. Theaction on homology. The action of the group of diffeomorphisms Diff (W, )
on the middle homology H,(Wg) = Z2¢ preserves the unimodular hyperbolic
(—1)"-symmetric intersection form

AH,(We) @ Hy (W) > Z
and thus gives rise to a map

Spag(Z) nodd,

o Diff(Wg) —
0 (We) Og,g(Z) neven,

whose image we denote by Gy < GL,4(Z). If n is even or n = 1,3, 7, this map is
surjective and G coincides with Sp,,(Z) or Og ¢ (Z) depending on the parity of n,
whereas the image Gg < Sp,,(Z) for n # 1,3,7 odd is the finite index subgroup
Spgg (Z) =< Spyg(Z) of matrices preserving the standard theta-characteristic (see
e.g. [4, Ex.5.5]). As the space of orientation-preserving embeddings Emb(D?", W)
is connected, the map

o Diﬁ‘a(Wg,l) —> Mo D]ff(Wg)

is surjective, so the images of these two groups in GL,¢ (Z) agree. Given a subgroup
I' < G4, we denote by

Diff" (W,) < Diff(W,) and Diff} (W,,1) < Diffy(We,1)

the preimages of I' with respect to the canonical maps to G.
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The primary goal of this appendix is to prove the following.
Theorem 29. Let2n > 6 and I' < Gy a finite index subgroup. The natural map
H*(BT; Q) — H*(BDiff} (Wg,1); Q)
is injective in degrees
for2n =6,

2
* < {n for2n >6and g <4 —c,
n

4+ min(n —4,g — 1+ c¢) otherwise,

where ¢ = 0 ifisn even and ¢ = 1 ifis n odd.

Remark. Since the action of Diﬂ“g(Wg,l) on H, (W) factors through Diff" (We),
the same conclusion holds for BDiff" (Wg) instead of BDiffg (Wg.1).

A.2. Stable and unstable cohomology. The block-inclusion
GL2g(Z) C Glag12(Z)

is covered by a map
Diffy(Wg,1) — Diffg(We41,1)

given by extending diffeomorphisms via the identity, so GL,g(Z) C GLag12(Z)
restricts to an inclusion Gy C G, and we obtain a map

BDiffy(Weo.1) — BGoo

by taking (homotopy) colimits of BDiff3(W,,1) =BG, in g. By the work of Borel,
Galatius—Randal-Williams, and Madsen—Weiss [7, 8, 16,27], the cohomology rings
of BG« and BDiffy(W,1) is a polynomial algebra concentrated in even degrees.
Moreover, there are natural choices of polynomial generators for these rings with
respect to which the induced map

corresponds to an inclusion of generators; this can for instance be seen by an index-
theoretic argument (see e.g. [13, Sect.2.4]). Given a subgroup I' < G, of finite
index, we have a commutative square

H*(BGx; Q) ————  H*(BI';Q)

| |

H*(BDiffy(Weo,1); Q) —— H*(BDIff} (Wg,1): Q).



36 B. Tshishiku CMH

whose upper horizontal arrow is an isomorphism in a range of degrees growing
with g by a result of Borel [7, 8]. In light of work of Harer and Galatius—Randal-
Williams [18, 21], the same holds for the lower horizontal morphism if I' = G,
and 2n # 4.! Moreover, the proof of Theorem 29 will make apparent that the
vertical arrows in the diagram are (compatibly) split injective in a range increasing
with n and any finite index subgroup I' < G if 2n > 6. As a result, the cokernel of
the upper horizontal map — the so-called unstable cohomology of BI' — injects in
this range of degrees into the cokernel of the lower horizontal map and thus provides
a source for unstable cohomology of BDiﬁg (We1).

When varying I' < G, over finite index subgroups, the rational cohomology
of BI" in degree g is arbitrarily large for n even and g odd; this is the main result of
the body of this work (see Theorem 1). For the full group I' = G on the other hand,
little is known about the unstable cohomology, aside from some scattered classes:
for instance, computations of Hain [20] and Hulek-Tomassi [22] show that for n
odd, there is a nontrivial unstable class in H®(BG3; Q) and one in H'2(BG4; Q).
By the above discussion, these classes remain nontrivial (and unstable) when pulled
back to BDiffy(W, 1) as long as n is sufficiently large, so we obtain the following
corollary.

Corollary 30. For n odd, the cokernel of the natural morphism
H'(BDiff3(Weo,1); Q) —> H'(BDiffy(Wg,1); Q)

is nontrivial for (i, g) = (6,3) as long asn > 5, and for (i, g) = (12,4) ifn > 8.

Remark. To the knowledge of the author, these are the first known unstable rational
cohomology classes of BDiffy(W, 1), aside from the case 2n = 2 of surfaces.

A.3. The work of Berglund-Madsen. The proof of Theorem 29 crucially relies on
work of Berglund and Madsen [4], who used a combination of classical surgery theory
and rational homotopy theory to construct rational models for the classifying spaces
BhAutgd(Wg,l) and BDiff (W, 1) of the spaces of homotopy automorphisms and
block diffeomorphisms homotopic to the identity. Using these models, they proved
that the rational cohomology rings of the classifying spaces of the full automorphism
spaces hAuty(Ws 1) and Diffy(Wys, 1) are independent of g in a range of degrees and
studied the rational cohomology in this stable range. As explained above, Theorem 29
yields some information on H*(BDiffy(W,1); Q) in the unstable range. Its proof
involves relating H * (BDiff3(Wg,1): Q) to H *(B]SYffa(Wg,l); Q) by combining [4]
with Morlet’s lemma of disjunction as in [36], extending some arguments in [4]
for spaces of automorphisms homotopic to the identity to the full automorphism
spaces, in particular to show that the cohomology ring H*(BhAuty(W, 1); Q)

'Recent work of Kupers—Randal-Williams [24] shows that, this holds for any finite index subgroup
I' < Gg aslong as 2n > 6 and I is not completely contained in the subgroup SOg ¢(Z) C Og ¢(Z)
if n is even.
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injects into H *(B]S\iﬁ?a(Wg,l); Q) also in the unstable range (it is even a retract),
and carrying out a spectral sequence argument involving low-degree computations
of BhAuty(Wyg, 1) and some facts from the theory of arithmetic groups.

A.4. The proof of Theorem 29. We divide the proof of Theorem 29 into three steps
corresponding to three maps in a factorisation

®

—~T ~
BDIff} (W, 1) @) BDiff, (W, 1) @ BhAut;”" (W,.1) —> BT, (A1)

which we explain in the following. Up to canonical equivalences, the topological
group of block diffeomorphisms fixing a neighborhood of the boundary l/)\if/fg(Wg,I)
fits between Diffy(W,,1) and the topological monoid of homotopy automorphisms
fixing the boundary, so there are natural maps

Diffy(Wg,1) — Diffy(Wg.1) — hAuty(We 1)
(see e.g. [4, Sect.4]), which explain the maps (1) and (2) for I' = G, denoting by
hAuty (Wg,1) C hAuty(Wg 1)
the union of components in the image of the map
Diff3(W,.1) — hAuty(Wg.1).
By definition of the block-diffeomorphism group, the map
Diffy(Wg.1) — Diffa(W,.1)

is surjective on path components (in fact, it is an isomorphism by Cerf’s “concordance
implies isotopy”), so in particular the image of Diffy(W 1) in GL,4(Z) coincides
with the image G, of Diff3(Wg,1), which explains the map (3) for I' = G,. For
a general subgroup I' < Gy, this composition is defined analogously by restricting
the components of the automorphism spaces involved to the preimage of I' of the
canonical maps to G.

In what follows, we examine the quality of the maps (1)-3) in rational cohom-

ology.

(D) Extending (block) diffeomorphisms of an embedded disc D?" C We 1 to all
of We 1 by the identity induces a commutative square

BDiffy(D?") —— BDiff3(W,.1)

| !

BDiffy(D2") —— BDiffy(W.1)
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whose induced map on vertical homotopy fibres
Diffy(D?")/ Diffy(D") —> Diff3(W,1)/ Diffy(We,1)

is (2n—4)-connected by an application of Morlet’s lemma of disjunction. For g >> 0,
this can be combined with Berglund—Madsen’s work [4] to conclude that

Diffy(D")/ Diffy(D?")

is (2n — 5)-connected, as observed by Randal-Williams [36, Sect.4]. This in turn
implies that
Diffy(Wg,1)/ Diff3(Wg,1)

has no rational cohomology in degrees * < 2n — 4 for all g > 0, which we combine
with the homotopy pullback

BDiff} (Wg,1) — BDiff(Wg.1)

| J

—~T —_—
Blefa (Wg,l) — BDiﬂ:a(Wg,l)

for a fixed subgroup I' < G to conclude the following.

Proposition 31. For 2n > 6 and a subgroup I < Gg, the induced map

—~T
H*(BDiffy (W,,1), Q) —> H*(BDiff} (W,1); Q)
is an isomorphism for x < 2n — 4 and a monomorphism for x = 2n — 4.

(2) Our discussion of the second map in the composition (A.1) is not specific to the
manifold Wy 1, so we phrase it more general.

Proposition 32. For a compact, simply-connected, stably parallelisable manifold M
of dimension d > 5 with sphere boundary OM =~ S¢~', the natural map

BDIffy(M) —> BhAut; (M)

is split injective on rational cohomology rings.

Proof. Following [4, Sect. 4.4], we pick a base point * € dM in the boundary and de-
note by hAutj (z},) the topological monoid of homotopy automorphisms f:M — M
which are the identity on the boundary together with a bundle automorphism
f:ty, — 13, of the stable tangent bundle which restricts to the identity over the
fixed basepoint and whose underlying self-map of M agrees with f. We denote by

hAuty ,(t3,) C hAuty(ty,)
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the kernel of the map

hAut; (t3,) — 7o hAuty(M)
given by taking homotopy classes and forgetting the bundle map and by

hAuty'=(z},) C hAut}(c},)
the preimage of the subgroup

7o hAuty (M) C 7o hAuty(M)
given by the image of Diff, (M) in hAuty(M). Up weak equivalence, there is a
canonical map of topological monoids

Diffy(M) — hAut} (zy,)

given by taking derivatives [4, p. 116]. This map induces a map of fibre sequences:

BDiffy o(M) —— BDIffy(M) —— Bo hAuty (M)

| | H

BhAut} ,(r5,) — BhAuty=(r3,) —— BmohAuty (M),

where I/)\iFfa,o(M ) C ﬁfa(M ) denotes kernel of the map
Diffy(M) —> 7o hAuts (M).

Berglund and Madsen showed that the two fibres in this diagram are nilpotent
spaces [4, Prop.4.8, Cor. 4.14] and that the map between them is a rational equiv-
alence [4, Cor.4.21]. By an application of the Serre spectral sequence, this implies
that the middle vertical map is a rational cohomology isomorphism, so to finish the
proof, it suffices to show that the map

BhAut; =(t},) — BhAutj (M)

admits a section. Fixing a trivialisation of },, every homotopy automorphism of M
is covered by a unique bundle automorphism that agrees with the identity on each
fibre with respect to the chosen trivialisation, which induces a section of the map

hAut} (ty,) — hAuty(M).

Restricting components and taking classifying spaces, this induces a section as
required. L

In the case M = W, ;, the argument for Proposition 32 shows more generally that

—~T ~
BDiff; (M) — BhAut;”" (M)

is split injective on rational cohomology for any subgroup I' < G,.
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(3) Combining the previous two propositions, we conclude that the map
H*(BhAut;"" (Wy.1); Q) — H*(BDiff} (W,.1); Q)

is injective in degrees * < 2n — 4, which finishes the proof of Theorem 29 when
combined with the following proposition.

Proposition 33. For 2n > 6 and a finite index subgroup I' < G, the induced map
H*(BI; Q) — H*(BhAuty"" (Wg,1): Q)

is an isomorphism for x < n and a monomorphism for x = n. Moreover, ifg > 4—c,
then this map is an isomorphism for

¥ <n+minh—1,g—14¢)
and a monomorphism for
*=n4+min(n —1,g —1+¢),
where c = 0ifn isevenand c = 1ifn is odd.
Proof. We consider the rational Serre spectral sequence
EP? = HP(BrohAuty”" (W 1); HY(BhAuts (W, 1); Q))
— HP?T(BhAut;”" (W,,1);Q). (A2)
of the fibration sequence
BhAutiad(Wg,l) — BhAutag’F(Wg,l) —> By hAutag’F(Wg,l).

By [4, Prop. 5.6], the rational homotopy Lie algebra n*+1(BhAutiad(Wg,1)) ® Q is
isomorphic, as a module over Q[mo hAuty(W 1)], to a graded sub Lie algebra of
the Lie algebra Der™ L(H) of positive degree derivations of the free graded Lie
algebra L(H) on the graded vector space

H = H,(Wg1:Q) = Q*

concentrated in degree (n — 1). In particular, the action of g hAutag’F (Wg.1) on
xt1(BhAuty (W 1)) ® Q

factors through the homology action

o hAuty"" (We,1) — T' C GLag (Z).
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Moreover, as aresult of [4, Prop. 7.9], there is an isomorphism of Q[7¢ hAut;f’F (Wg.1)]-
modules

HY(BhAuty (We.1); Q) = H; (w41 (BhAuty (Wg,1)) ® Q).

where the right hand side is the Chevalley—Eilenberg cohomology of the graded
homotopy Lie algebra. Consequently, the action on these groups factors through I" as
well. Since the homology action g hAutag’F(Wg,l) — I is surjective by definition
and has finite kernel as a result of [4, Prop. 5.3], it induces an identification of the
E?-page of (A.2) of the form

EP? = HP (Bro hAuty"" (Wy.1); HY(BhAuts (W, 1); Q)
>~ HP?(BTI'; H?(BhAuty (W,,1);: Q)). (A.3)
As H is concentrated in degree (n — 1), the Lie algebra
Dert L(H) = 7441 (BhAuty (Wg1)) ® Q

is concentrated in degrees k(n — 1) for k > 1. In particular the space BhAutiad(Wg,l)
is rationally (n — 1)-connected, so the E,-page (A.3) vanishes for ¢ < n — 1 except
for the bottom row p = 0, which implies the first claim. To prove the second part of
the statement, note that in degrees * < 2n — 2, the Lie algebra Dert L(H) is only
nontrivial in degree n — 1, so the reduced rational cohomology

H%(BhAuty (Wg.1); Q) = H& (mx+1(BhAuts (W,.1)) ® Q)
is for x* < 2n — 1 only nontrivial in degree n where it is isomorphic to the dual
(702 (BhAUtS (W, 1)) ® Q).
To prove the claim, it thus suffices to show that
HP(BT; (7, (BhAutd (W, 1)) ® Q)")

vanishes for p < g — 1 + ¢ and g > 4 — c, since this would imply that the E2-page
of (A2)isfor p + g <n + min(n — 1, g — 1 + ¢) concentrated in the bottom row.
By the discussion above, we have

(70 (BhAUt (W, 1)) ® Q)" C Der™ L(H))/_,
=~ Hom (H,L*(H))"
~HQLXH) c H® (H®) = H®?

as a Q[I']-module, where L2(H) C L(H) is the subspace spanned by brackets of
length two. Here we used that L(H ) is a free Lie algebra for the first isomorphism and
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the standard (symplectic or orthogonal) form for the last isomorphism. Since short
exact sequences of finite dimensional Q[I']-modules split (this uses g > 2 and that
Q-algebraic groups Sp,,(Q) and SO»¢ (Q) are simple, see for instance [4, Thm. A.1,
Prop. B.4]), we conclude that

(702 ( BhAULY (W 1)) ® Q)7

is a direct summand of H ®3, so it suffices to show that H? (BT"; H®3) vanishes for
p<g—l+candg>4—c.

By enhancements due to Tshishiku [42, Thm. 1.1, Thm. 1.2] of Borel’s vanishing
ranges for the cohomology of arithmetic groups [7, 8], the cohomology of I' with
coefficients in an irreducible finite-dimensional algebraic representation vanishes in
this range, so we have

H?(BT: H®) = H?(BT:Q) ® (H®?)".

where (—)! denotes taking invariants. The proof will conclude by arguing that these
invariants vanish. This can be simplified in two ways: firstly, if n is even, after
possibly restricting to the subgroup I' N1 SO, ¢(Z) < I', we may assume that I is
contained in the connected algebraic subgroup

S804, (Q) C 04, (Q)

and secondly, it suffices to show that the invariants vanish after tensoring with R.
Since Sp,,(Q) and SOg ¢ (Q) are connected, semi-simple and have no compact
factors, the subgroup I' C Spy,(R) or I' C SO, ¢ (R) (depending on whether n
is even or odd) is a lattice [9, Thm. 7.8] and moreover Zariski dense by Borel’s
density theorem [6]. This implies that the I'-invariants of H®? ® R agree with those
of Spy, (R) or SOg ¢ (R), which in turn vanish by classical invariant theory. O

Remark. (i) Note that the first part of the proof of Proposition 33 did not require
I' < G to be of finite index. Since Propositions 31 and 32 are valid in this generality
as well, Theorem 29 holds for arbitrary subgroups I' < Gg in the range * < n
for2n > 6 and * < 2 for 2n = 2.

(ii) Similar arguments to those of Proposition 33 were used in [23] to improve
the ranges for rational homological stability of BhAuty(Wy 1), BDiffj(Wg. 1), and a
truncation of BDiffy(Wy 1).
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